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I.  Introduction 


During  the  period  between  1 April  1974  and  30  September  1978,  a 
number  of  topics  in  the  general  area  of  the  interactions  between 
electromagnetic  fields  and  plasmas  were  conducted  at  the  Polytechnic 
Institute  of  New  York,  under  the  AFOSR  grant  AFOSR- 74- 2668 . Basically, 
the  topics  are  divided  into  two  general  categories:  (a)  the  study  of 
a nonlinear  plasma  wave  excited  along  a glow  discharge  column  by  a 
high  amplitude  (»s  2 KV/cm)  and  extremely  sharp  0.2  ns)  electric  field 
pulse;  and  (b)  the  study  of  parametrically  excited  decay  instabilities 
in  a plasma  column  imbedded  in  a magnetic  field.  Most  of  the  significant 
results  have  been  published  in  a series  of  five  journal  papers  with  one 
more  submitted.  In  addition,  nine  papers  have  been  presented  at  APS  and 
IEEE  conferences. 

In  Sec.  II  of  this  report,  a review  of  the  activities  during  the 
period  will  be  given.  Section  III  Is  devoted  to  the  derails  of  the  work 
on  the  high  speed  pulse  excited  plasma  waves.  Section  IV  describes  the 
experiments  on  the  parametric  decay  1 nar abl  11 1 1 es  with  e-nphasls  on  the 
time  evolution  of  the  growth  and  saturation  of  these  instabl  lirles  • 

Section  V consists  of  a theoretical  anal-sis  f a three  wave  decav  process 
in  a magneto  plasma  which  is  applUab.e  t a.  wav,  rvpet  This  remains 
the  only  theorv  which  has  this  |«Mri.  epf.icebi  aperiaeats  sup- 

porting the  theorv  are  a.#.  i -u  . .4-1 

-1 
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II.  Review  of  Activities 


II- 1.  Principal  Scientific  Achievements 

A number  of  topics  have  been  studied  under  the  support  of  the  Grant. 

A listing  of  the  publications  given  in  II -2  shows  the  breadth  of  activi- 
ties. Two  of  these  topics  represent  efforts  of  particular  significance: 
(1)  first  real  life  demonstration  of  group  splitting  of  wave  packets 
propagating  in  nonlinear  dispersive  media;  and  (2)  the  establishment 
of  a general  vector  theory  of  parametric  decay  instabilities  in  a plasma 
with  magnetic  field. 

(1)  Group  splitting,  or  wave  packet  bifurcation,  was  predicted  by 
* 

the  theory  of  modulation  . It  is  predicted  that  in  a nonlinear  dispersive 
medium,  if  certain  conditions  are  met,  there  would  be  two  distinct  group 
velocities  with  their  difference  proportional  to  the  wave  amplitude.  If 
a wave  packet  is  launched  to  propagate  in  the  medium,  it  would  split  into 
two  packets.  The  modulation  theory  is  a general  nonlinear  wave  theory 
developed  heuristically  and  formally  based  on  the  assumptions  of  some 
conservation  properties  of  the  amplitude  and  phase  characteristics  of  the 
wave  packet  and  the  nonlinear  dispersion  relation.  The  group  splitting 
effect  was  the  most  astonishing  prediction  not  known  to  exist  at  that 
time.  The  experiment  by  Kunhardt  and  Cheo  was  the  first  real-life  demon- 
stration of  this  phenomenon.  This  demonstration,  together  with  some 
computer  simulations,  has  thus  provided  the  confidence  in  the  validity  of 

irk 

the  modulation  theory.  Details  of  this  work  are  elaborated  in  Sec.  Ill 

* G.B.  Whitham,  "Linear  and  Nonlinear  Waves",  John  Wiley  & Sons,  1973; 
pp.  489-490 

**  G.B.  Whitham,  ibid,  pp . 519-520 
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and  in  Publications  (1),  (2),  (5). 

(2)  Parametric  decay  instabilities  have  been  studied  extensively 
for  many  years.  Two  recent  review  articles  have  each  cited  over  one 
hundred  references.  The  basic  form  of  the  coupled  mode  equations  was 
first  derived  by  Nishikawa  for  a plasma  with  no  magnetic  field  and  the 
same  theory  is  applicable  to  the  ordinary  mode  excitation  in  a magnetized 
plasma.  Because  of  the  complexity  of  the  modal  structure  in  a plasma 
with  magnetic  field,  previous  efforts  in  this  area  are  only  limited  to 
the  longitudinal  waves  where  the  electrostatic  approximation  E = - 7cp 
is  applied. 

Because  the  parametric  decay  instabilities  are  thought  to  be  an 
important  process  in  rf  plasma  heating,  and  that  in  many  applications 
such  as  in  ionosphere  heating  or  in  various  magnetic  field  confined  plasma 
devices,  interactions  among  hybrid  waves  do  take  place.  A more  general 

vector  theory  is  therefore  needed.  The  general  vector  theory  developed 
by  Kuo  and  Cheo  L 3 ] is  capable  to  deal  with  *-hese  cases  and  remains  to 

be  the  only  such  theory  available. 

The  approach  is  based  on  Poisson  bracket  relations  of  the  Hamiltonian 
densities  of  the  decay  waves.  It  is  shown  that  the  general  vector  coupled 
mode  equations  obtained  can  be  reduced  to  those  of  the  special  cases  ob- 
tained previously,  and  compared  favorably  with  experiments.  Section  V of 
this  report  shows  the  detailed  development  of  the  theory  and  the  supporting 
experiments.  Essence  of  this  work  is  given  in  Publication  (3). 

* M.  Porkolab,  Physica  C 82,  86,  1976. 

M.  Porkolab  and  R.P.H.  Chang,  Rev.  Modern  Phys . , vol.  50,  #4,  pp. 

745-795,  Oct.  1978. 
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II-2.  Pub licatlons 


i 


fl~)  Journal  Articles: 

1.  e.E.  Kunhardt  and  B.R.  Cheo,  "Observation  of  Wave  Packet  Bifurcation 
in  a Magneto- Plasma  Column",  Phys . Rev.  Letters,  vol.  37,  25,  1688; 

Dec.  20,  1976. 

2.  E.E.  Kunhardt  and  B.R.  Cheo,  "Propagation  of  Nonlinear  Waves  Along 

a Magneto-Plasma  Column",  Phys.  Fluids,  vol.  20,  9,  1499;  Sept.  1977. 

3.  S.P.  Kuo  and  B.R.  Cheo,  "Parametric  Excitation  of  Coupled  Plasma 

Waves",  Phys.  Fluids,  vol.  21,  10;  1753;  Oct.  1978. 

4.  N.T.  de  Neef  and  C.  Hechtman,  "Numerical  Study  of  the  Flow  due  to  a 
Cylindrical  Implosion",  Computers  and  Fluids;  vol.  6,  pp.  185-202; 

1978. 

5.  E.E.  Kunhardt  and  B.R.  Cheo,  "Experiments  on  Propagation  of  High 
Amplitude  Surface  Waves",  accepted  for  publication  by  Plasma  Phvsics. 

6.  T.Q.  Yip,  S.P.  Kuo  and  B.R.  Cheo,  "Temporal  Evolution  of  Parametrically 
Excited  Instabilities  in  a Magnetized  Plasma",  submitted  to  Plasma  Physics. 

(2)  Conference  Papers: 

1.  E.E.  Kunhardt  and  B.R.  Cheo,  "Propagation  of  Transient  Surface  Waves 
Along  a Plasma  Column",  IEEE  Inti.  Conf.  Plasma  Sc.,  Austin,  TX; 

May  24-26,  1976. 

2.  E.E.  Kunhardt,  J.  Tardiff  and  B.R.  Cheo,  "The  Bouncing  Conductor 
Generator",  Pulsed  Power  Conference,  Lubbock,  TX;  Nov.  1976. 

3.  T.Q.  Yip,  S.P.  Kuo  and  B.R.  Cheo,  "Experimental  Study  of  Time  Evolu- 
tion of  Parametrically  Excited  Instabilities  in  a Magneto-Plasma", 

IEEE  Inti.  Conf.  Plasma  Sc.,  Troy,  N.Y.;  May  23-25,  1977. 
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Conference  Papers  (cont.) 

4.  S.P.  Kuo  and  B.R.  Cheo,  "Parametric  Decay  Instabilities  in  a Uniform 
Magneto-Plasma",  IEEE  Inti.  Conf.  Plasma  Sc.,  Troy,  N.Y.;  May  23-25, 

1977. 

5.  S.P.  Kuo  and  B.R.  Cheo,  "Saturation  of  Parametric  Instabilities  due 
to  Anomalous  Diffusion  Processes",  IEEE  Inti.  Conf.  Plasma  Sc., 

Troy,  N.Y.;  May  23-25,  1977. 

6.  T.Q . Yip,  S-P.  Kuo  and  B.R.  Cheo,  "Evolution  of  Parametrically 

Excited  Instabilities  in  a Magneto-Plasma",  Plasma  Div.  Mtng.,  APS,  Colorado 
Springs,  CO;  Nov.  1978;  Bull.  Am.  Phys.  Soc. , vol.  23,  7,  799;  Sept.  1978. 

j 

7.  S.P.  Kuo  and  B.R.  Cheo,  "Harmonic  Generation  of  the  Electrostatic 
Ion  Cyclotron  Wave  in  a Uniform  Plasma",  IEEE  Inti.  Conf.  Plasma  Sc., 

Monterey,  CA;  May  1978. 

8.  S.P.  Kuo  and  B.R.  Cheo,  "Saturation  of  Parametric  Instabilities  by 
Heating  Effect",  Plasma  Div.  Mtng.,  APS,  Colorado  Springs,  CO; 

Nov.  1978;  Bull.  Am.  Phys.  Soc.,  vol.  23,  7,  817;  Sept.  1978. 

9.  H.M.  Huang,  S.P.  Kuo  and  B.R.  Cheo,  ''Harmonic  Generation  of  the 
Electrostatic  Ion  Cyclotron  Wave  in  a Uniform  Magneto-Plasma",  Plasma 
Div.  Mtng.,  APS,  Colorado  Springs,  CO;  Nov.  1978;  Bull.  Am.  Phys. 

Soc.,  vol.  23,  7,  818;  Sept.  1978. 

(3)  Reports: 

1.  E.E.  Kunhardt  and  B.R.  Cheo,  "An  Experimental  and  Theoretical  Study 
of  the  Propagation  of  High  Amplitude  Pulses  in  a Bounded  Magneto- 
Plasma",  Poiy-EE/EP-76-011;  June  1976. 

2.  S.P.  Kuo  and  B.R.  Cheo,  "Studies  of  Parametric  Decay  Instabilities 
in  Magneto-Plasmas",  Poly-EE/EP-77-027;  June  1977. 
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Reports  (cont.) 


3.  T.Q.  Yip  and  B.R.  Cheo,  "Evolution  of  Parametrically  Excited 
Instabilities  in  a Magneto- Plasma  Column",  Poly-EE/EP-77-028 ; 

June  1977. 

II-3.  Graduate  Students 

There  have  been  seven  graduate  students  participating  in  the  research 
program.  Three  have  obtained  their  Ph.D.  degrees  and  four  are  progressing 
toward  this  direction.  All  three  graduates  are  presently  successfully 
placed  in  the  general  scientific  community. 

1.  E.E.  Kunhardt,  Ph.D.,  June  1976.  Dissertation:  "An  Experimental 
and  Theoretical  Study  of  the  Propagation  of  High  Amplitude  Pulses 

in  a Bounded  Magneto-Plasma".  Present  position:  Assistant  Professor 
of  Electrical  Engineering,  Texas  Tech.  University,  Lubbock,  TX. 

Was  elected  the  new  professor  of  the  year.  Participated  and  ini- 
tiated a number  of  research  activities. 

2.  S.P.  Kuo,  Ph.  D.,  June  1977.  Dissertation:  "Studies  of  Parametric 
Decay  Instabilities  in  Magneto-Plasmas".  Present  position:  Research 
Assistant  Professor  of  Electrical  Engineering,  Polytechnic  Institute 
of  New  York,  Farmingdale,  N.Y.  Participated  and  generated  activities 
in  the  new  fields  of  MHD  generation  of  electric  power  and  ionospheric 
heating  and  modification.  Worked  on  EBT  at  ORNL. 

3.  T.Q.  Yip,  Ph.D.,  June  1977.  Dissertation:  'Evolution  of  Parametrically 
Excited  Instabilities  in  a Magneto-Plasma  Column".  Present  position: 
Member  of  Technical  Staff,  Bell  Telephone  Laboratories,  Holmdel,  N.J. 


Student  Graduates  (cont.) 


Began  a new  career  in  communications.  Continued  to  collaborate 
with  the  Poly  group  in  plasma  work  (no  compensation) . 

4.  R.  Faaland:  A second  year  graduate  student.  Teaching  fellow  in 
the  EE  Department.  Actively  involved  in  the  effort  of  building  a 
new  ECRH  plasma  station  and  electronics  associated  with  the  system. 

5.  C.  Hechtman:  An  advanced  graduate  student.  Passed  qualifying 
examination.  Currently  research  assistant  in  the  program.  Built 
the  capacitor  bank  for  the  exploding  tube  experiment.  Published 
a paper  on  the  topic. 

6.  H.M.  Huang:  An  advanced  graduate  student.  Passed  qualifying 
examination.  Currently  research  fellow  in  the  program.  Working 
on  the  microwave  generated  and  sustained  beam  plasma.  Doing  both 
theoretical  and  experimental  work.  Presented  a paper  at  APS  Plasma 
Division  meeting. 

7.  B.R.  Poole:  A second  year  graduate  student.  Teaching  fellow  in 
the  EE  Department.  Has  been  an  active  participant  in  the  program 
for  several  years.  Passed  qualifying  examination. 
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Ill—  1.  Introduction 


The  general  problem  we  are  concerned  with  is  that  of  the  inter- 
action of  a plasma  medium  with  an  electromagnetic  field.  At  linear 
level  of  excitation,  the  various  problems  of  wave  propagation  have  been 
explored  at  length  and  a fair  amount  of  understanding  has  been  reached. 

At  nonlinear  levels  of  excitation,  due  to  the  lack  of  a general  method 
of  attack,  the  analysis  made  to  date  are  mostly  ad  hoc  and  under  various 
forms  of  idealization  and  approximation.  The  purpose  of  this  investiga- 
tion is  to  study  some  of  these  interactions  both  theoretically  and  ex- 
perimentally. The  results  have  yielded  new  data  and  insight  into  the 
problem  of  the  competition  between  dispersion  and  non-linearity  in  a num- 
ber of  plasma  configurations.  The  comparison  between  theoretical 
result  and  experimental  data  is  generally  favorable. 

Theoretical  studies  in  the  linear  and  weakly  nonlinear  regimes 
may  be  grouped  into  two  categories,  namely,  analysis  in  unbounded 
and  bounded  plasmas.  Experimental  investigations  on  the  other  hand 
must  be  performed  with  plasmas  of  bounded  geometry.  There  are  ex- 
periments, however,  where  the  pertinent  dimensions  are  such  that  to 
a good  approximation,  the  waves  under  consideration  may  be  thought 
as  oropagating  in  an  infinite  medium  and  the  results  behave  as  predicted  by 
unbounded  plasma  theory.  ^ Studies  in  unbounded  plasmas  have  been 
many,  and  several  text  books  have  been  written  on  this  subject.  Com- 
prehensive  expositions  have  been  done  by  Ginzburg  ” and  Stix  ' for 

(4) 

the  linear  regime;  and  for  the  weakly  nonlinear  regime  by  Tsytovich, 
Davidson^  and  F.  Einauai  et.  al. 

The  bounded  geometry  considered  in  this  investigation  are: 
a circular  plasma  column  imbeded  in  an  infinite  dielectric  (free  space) 
and  a circular  magneto  plasma  column  surrounded  by  a conducting 
waveguide  of  the  same  dimension  as  the  plasma  column.  These  struc- 
tures are  known  to  support  numerous  types  of  waves.  The  work  in 
this  study  is  concerned  with  the  propagation  of  the  slow  mode  whose 
characteristics  do  not  depend  on  ion  motion.  These  waves  are  some- 
times called  "space  charge"  or  "electron  plasma"  waves.  They  differ 
from  the  "true"  electron  plasma  waves  in  an  infinite  plasma  since  the 
boundary  conditions  posed  by  the  system  have  altered  the  wave 


11 


structure.  Practical  interest  in  these  modes  are  the  possibilities  of 
applications  in  laboratory  plasma  diagnostics  ' ' ’ , high  gain  micro- 

wave  devices*^*3,  ^*,  and  plasma  heating '*“* . 

The  basic  experimental  results  of  linear  slow  wave  propagation 
have  been  well  documented  *13,  14*  and  good  agreements  with  theoret- 
ical analysis  have  been  obtained*^’  *^*.  However,  the  situation  is 
different  for  the  weakly  nonlinear  regime.  Very  few  theoretical  analy- 
sis of  the  boundary  value  problem  have  been  done**7’  2^*.  The 

emDhasis  in  most  of  these  studies  has  been  on  the  nonlinear  coupling 


.(21) 


This  problem 


of  waves,  in  particular  three  wave  interaction 

takes  a variety  of  forms.  Perulli,  et.  al.  *2‘"*  studied  the  decay  of  a 

slow  wave  into  two  other  3low  waves  with  different  azimuthal  variation. 

Larsen*23*  used  the  method  of  the  averaged  Lagrangian  to  analyze 

(24) 

the  interaction  of  three  slow  waves.  Kuhn  formulated  the  same 

problem  from  a coupled  mode  formalism.  Aside  from  experiments 

on  surface  wave  echo  (spatial)*2"3*,  experimental  work  has  been  confined 

to  the  mixing  of  two  pump  waves  of  different  frequencies  to  produce  a 

(26) 

third  at  the  beat  frequency 

All  of  the  theoretical  and  experimental  efforts  mentioned  thus 

far  have  one  feature  in  common:  they  are  all  concerned  with  steady 

state  situations.  Recently,  transient  techniques  have  been  employed 

in  the  experimental  investigation  of  wave  propagation  in  plasmas. 

Voltage  steps  and  pulses  (base  band  and  RF)  have  been  used  to  excite 

transient  waves.  Schmitt'27*  was  one  of  the  first  experimentalists  to 

use  pulse  excitation  to  study  plasmas.  He  observed  the  dispersion  of 

base  band  pulses  propagating  through  a plasma  filled  coaxial  line. 

Proni,  et.  al.  and  Tregruis,  et.  al.  ' ' used  microwave  pulses  to 

excite  transient  electron  plasma  waves  in  systems  where  the  boundary 

had  no  effect.  The  only  reported  applications  of  base  band  pulses  to 

study  the  propagation  of  space  charge  waves  were  by  Anicin,  et.  al.  '30' 

for  the  symetric  mode,  and  by  Demokan,  et.  al.  (31*  for  the  dipole 

mode.  Recently  Landt  et.  al.  used  various  types  of  transient  inputs  to 

( 32) 

study  the  linear  properties  of  these  modes  . These  experiments 
were  limited  to  the  linear  regime. 

In  the  nonlinear  regime,  pulse  excitations  and  time  domain 
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observations  have  been  reported  by  Sindoris,  Cheo  and  Grody in  a 

Tonks -Dattner  type  structure  using  a home  developed  device  called  a 

Bouncing  Ball  Generator  (BBG),  which  produced  baseband  pulses  120 

picosecond  wide  at  1.  1 KV  into  50  ohm.  Other  nonlinear  transient  work 
v (34) 

includes  the  observation  by  Ikezi  et.  al.  of  the  propagation  of  elec- 
tron plasma  waves  excited  by  voltage  steps,  and  the  observation  by 
K.  Saeki  et.  al.  of  electron  plasma  wave  shocks.  Manheimer^'^ 
has  studied  the  development  of  finite  amplitude  electron  plasma  waves 
in  a bounded  plasma  with  infinite  magnetic  field  using  the  method  of 
expansion  in  terms  of  a complete  set  of  linear  solutions.  Ke  did  not 
include  the  effect  of  dispersion,  but  predicted  the  steepening  observed 
in  (48). 

The  work  in  this  effort  consists  of  a comprehensive  investigation 
of  linear  and  nonlinear  phenomena  affecting  the  propagation  of  very  short 
base  band  pulses  along  a glow  discharge  magneto  plasma  column.  The 
advantages  of  this  approach  over  nonlinear  steady  state  studies  are:  1) 
by  keeping  the  duty  cycle  low,  heating  of  the  background  electrons  (a 
major  problem  in  CW  experiments)  need  not  be  considered;  2)  if  the 
transient  response  is  short  compared  to  ionization  times,  background 
electron  density  changes  will  not  occur;  3)  the  ability  to  observe  short- 
lived phenomenon  is  greatly  enhanced  because  of  the  expanded  time  re- 
solution. The  major  advantage  of  transient  studies  both  large  and  small 
amplitude  excitations  is  that  we  can  observe  the  development  in  time  or 
in  space  of  an  initial  disturbance  produced  at  some  point.  Tremendous 
insight  is  gained  into  the  competitive  effects  of  dispersion  and  nonlin- 
earity. 

The  source  that  was  used  to  excite  the  transient  waves  is  an  im- 
proved version  of  the  3BG  mentioned  in  the  experiment  of  Sindoris 
et.  al.  (33)'  T’ne  new  33G  produces  a pulse  0.50  nanosecond  wide  at 
3.  2 KV  into  50  ohm.  This  generator  and  the  techniques  developed 
presented  us  with  the  unique  tools  for  such  comprehensive  studies. 

In  III-2.  of  this  report  the  experimental  program  is  presented. 
To  analyze  the  experimental  observations  a nonlinear  theory  for  wave 
propagation  along  plasma  column  was  developed.  This  theoretical 
analysis  is  oresented  in  III- 3.  In  III-4,  the  experimental 

results  are  then  analyzed. 
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HI- 2.  Experimental  Program 

The  basic  experimental  set  up  is  shown  schematically  in  figure 
2.  1,  where  the  plasma  is  the  positive  column  of  a glow  discharge  con- 
fined in  a glass s tube  175  cm  long,  with  A and  K the  anode  and  cathode 

respectively.  M-M'  represents  a set  of  coils  providing  an  axial  D.  C. 

magnetic  field  up  to  1.2K  Gauss.  WG  is  a removable  conducting  wall 
surrounding  the  plasma  tube.  L is  a pair  of  parallel  plates  connected 
to  the  pulse  generator  (BBG)  which  establishes  an  impulse  like  elec- 
tric field  in  the  plasma.  The  wave  evolution  in  space-time  as  a func- 
tion of  initial  pulse  strength  is  monitored  by  the  receiving  structure  R 
on  a sampling  scope.  The  work  was  done  in  two  stages,  -he  first 
consisted  of  a comprehensive  investigation  of  linear  and  nonlinear 
phenomena  affecting  the  propagation  of  pulses  along  the  positive 
column  of  a glow  discharge.  The  second  stage  involved  the  addition  of 
a uniform  longitudinal  magnetic  field  variable  up  to  1.  2K  Gauss  and 
the  surrounding  of  the  plasma  column  by  a -cnducting  wall.  Subse- 
quently, a description  of  the  experimental  apparatus  and  procedure  is 
given. 

2.  1 Description  of  the  Apparatus 
2.  1.  1 the  plasma 

For  a plasma,  the  positive  column  of  a hot  cathode,  glow  dis- 
charge in  argon  is  used.  Fig.  2.  2 shows  a layout  of  the  discharge  tube 
and  its  associated  vacuum  and  electrical  systems.  The  discharge 
tube  comprises  two  Western  Electric  mercury  vapor  catnodes  con- 
tained in  a round  flask  and  connected  by  means  of  a quick  glass  to  glass 
ioints-  to  a 175  cm  long  glass  tube,  the  end  of  which  is  terminated  with 
a hallow  anode.  Because  of  the  quick  coupler,  glass  tube  sections  of 
different  diameter  may  be  used. 

It  was  necessary,  due  to  the  type  (sampling  technique)  and 
amount  of  measurements  that  had  to  be  performed,  to  provide  a clean 
and  stable  discharge.  3y  allowing  Argon  gas  to  flow  through  the  dis- 


charge tube  at  a slow  rate;  contamination,  due  mainly  to  ion  bombard 
ment  of  the  cathode,  is  reduced  since  such  impurities  are  constantly 


removed  from  the  tube.  To  provide  effective  regulation  of  the  gas 
pressure,  the  argon  inflow  is  regulated  by  a flow  meter  valve  and 
needle  valve  and  the  evacuation  rate  by  a high  vacuum  valve.  Adjust- 
ment of  these  valves  provide  the  desired  pressure. 

Once  the  discharge  is  operating,  the  desired  range  of  electron 
densities  is  obtained  by  varying  the  current  through  the  pentode  re- 
gulator circuit.  Stability  of  the  system,  over  all  range  considered, 
was  excellent. 

Basic  parameters  of  the  positive  column,  i.  e.  electron  tempera- 
ture, density,  and  collision  frequency,  were  measured.  Electron 
temperature  is  obtained  using  the  well  known  method  of  Langmuir 

probe^^.  To  measure  average  electron  number  density,  the  cavity 

(9) 

perturbation  method  is  used  . The  cavity  is  mounted  in  a carriage 
which  can  move  along  the  plasma  column.  The  electron  density  varia- 
tion along  the  column  is  found  to  be  less  than  0.  5%,  . During  the  ex- 
periments, the  density  is  constantly  monitored  to  prevent  drifts  from 
the  operating  point,  due  primarily  to  pressure  variations. 

The  cavity  is  also  used  to  measure  the  total  collision  frequency 
of  the  electrons.  By  measuring  the  change  in  Q of  the  microwave 

/ O f.  \ 

cavity  due  to  the  plasma,  this  parameter  may  be  calculated  . The 

collision  frequency  of  electrons  with  ions  and  with  neutrals  is  also 

( 37) 

calculated  using  the  equation 


where 


n.  Q v 
|3  e(3 


(2-1) 


3 3 implies  ions  or  neutrals 

Q n 3 collision  corssection  for  collision  of  electrons  with 
e/3 

3-'type  particles 

v s average  velocity  given  by 

n^  £ density  of  3 particles 
For  neutrals,  at  20°  C: 

n = A _P_  273 

3 22400  760  293 

where  A = 6.  02  x 10^  particles  /mole 
P = pressure  in  mm. 


i 


Pentode 


discharge  tube,  associated  vacuum  system  and 
circuitry 


Table  2.  1 


Typical  Discharge  Characteristics 


Radius  of  column 

. 66  cm 

Neutral  density  (at  1/j) 

. - in13  -3 

3.3x10  cm 

Percent  ionization 

. 01% 

Electron  neutral  collision  frequency 

17.2  MHz 

Electron  neutral  collision  time 

1 00  n sec. 

Debye  length 

1 mm 

Electron  thermal  speed 

1.5x10  cm/ sec. 

Electron  density 

? in10 

2x10  cm 

Electron  cyclotron  frequency 

. 63  2 GHz 

Electron  plasma  frequency 

1.3  GHz 
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Typical  parameters  obtained  using  the  experimental  techniques 
mentioned  above  are  shown  in  table  2.  1. 

2.  1.  2 The  pulse  generator 

A Bouncing  Ball  Generator  (BBG)  is  the  source  tor  the  puJses 

used  in  the  experiment.  This  generator  has  previously  been  used  in 

time  domain  studies  of  EM  precursors  and  in  impulse  stimulated 

( 33) 

emission  from  plasmas  . The  generator,  at  the  time  of  those  ex- 
periments, produced  base  band  pulses  with  peak  voltage  of  1.  1 kilo- 
volts and  a risetime  faster  than  120  picoseconds.  For  this  experi- 
ment, the  BBG  was  modified  and  is  now  capable  of  producing  pulses 
with  peak  voltage  of  3.  2 kilovolts  with  approximately  200  picoseconds 
rise  time.  The  peak  power  into  a 50  ohm  line  is  259  kilowatts.  The 
average  power,  however,  is  4 milliwatts  because  of  the  short  pulse 
duration.  The  display  of  the  BBG  output  pulse  shown  in  Fig.  2.  3 is 
an  X-Y  recorder  plot  of  the  oscillogram  from  the  sampling  scope. 

To  obtain  such  an  oscillogram,  the  pulse,  after  being  attenuated  63  dB 
is  applied  to  the  scope  through  a 60  nanosecond  delay  cable  (RG-9B/u) 
of  4.  4 d B insertion  loss.  The  output  of  the  scope  is  then  used  to  drive 
the  X-Y  recorder.  Also  shown  in  fig.  2.  3 is  the  voltage  spectrum  of 
the  pulse.  This  is  obtained  from  Fourier  analysis  using  a computer  of 
the  time  domain  signal.  The  spectrum  is  extremely  wide,  extending 
from  D,  C.  and  almost  flat  to  1 GHz. 

To  control  the  amplitude  of  the  pulse,  wide  band  attenuators 
(GR  type  874-GL)  are  used  at  the  output  of  the  BBG.  Also  at  the  out- 
put, a pre-trigger  pick  off  has  been  installed  to  obtain  a trigger  signal 
for  the  scope. 

2.  1.  3 Parallel  plate  structure 

To  couple  the  3BG  pulse  to  the  plasma,  a section  of  parallel 
plate  transmission  line  is  used.  The  parallel  plate  coupling  structure 
consists  of  a wide  band  coaxial  to  parallel  plate  transition  which  opens 
up  to  a length  of  uniform  transmission  line,  then  tapers  down  again  to  a 
coaxial  line.  The  line  is  then  attenuated  by  20  d B and  terminated  with 
a 50  C2  load.  The  dimensions  of  the  structure  are  such  as  to  keep  a 
constant  50  ohms  characteristic  impedance  along  the  structure  over  a 
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Fig.  2.  3 BBG  output  and  Fourier  spectrum 
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wide  range  of  frequencies.  T’ne  plasma  tube  is  inserted  perpendicular 
to  the  plane  ox  the  plates  through  holes  made  at  the  center  of  the  plates, 
as  shown  in  fig.  2.  4.  The  holes  are  made  to  fit  tightly  around  the 
column. 

The  plate  structure  is  a very  good  wide  band  coupler  with  an  al- 
most flat  passband  extending  from  50  MHz  to  approximately  2 GHz. 
This  feature  of  the  structure  made  it  a suitable  coupler  in  the  pulse 
experiments  because  ox  the  wide  bandwidth  of  the  exciting  pulse.  A 
similar  structure  is  also  used  to  couple  the  propagating  wavepacket  to 
the  sampling  scope.  The  receiving  plates  are  mounted  on  a carriage  to 
allow  for  movement  along  the  column. 

2.  1.4  Sampling  scope  and  recorder 

To  observe  the  input  pulse  and  the  propagating  waveoackets , a 
Tektronix  564  storage  scope  with  sampling  plug-ins  is  used.  To 
facilitate  further  analysis,  the  observed  oscillograms  are  also  re- 
corded using  a Hewlet-Packard  X-Y  recorder  connected  to  the  output 
of  the  storage  scope. 

It  must  be  remarked  that  the  sampling  technique  for  observing  fast 
transient  time  phenomena  requires  that  each  experiment  be  identical. 
This  in  turn  demands  that  the  input  pulse  be  identical  for  each  experi- 
ment and  that  the  plasma  relaxes  to  its  initial  state  before  the  follow- 
ing pulse  arrives  at  the  launcher.  The  last  condition  may  be  ascer- 
tained by  comparing  the  width  of  the  packet  with  respect  to  the  pulse 
separation.  However,  considering  that  the  B3G  is  an  electromechani- 
cal device,  it  is  remarkable  that  the  pulses  it  produces  are  identical 
within  a few  percent  of  each  other,  to  the  extent  that  the  technicue 
was  succesful. 

2.  2 The  Experiment 

2.  2.  1 Zero  axial  magnetic  field 

For  the  investigation,  the  apparatus  described  in  section  2.  1 
was  arranged  as  shown  in  fig.  2.  5.  The  output  pulse  of  the  3BG,  after 
attenuation  to  the  desired  voltage,  is  coupled  to  the  plasma  through  the 
wide  band  parallel  plate  structure.  A 60  nanosecond  delay  cable  is 
used  between  the  generator  and  the  plates.  For  high  amplitude  pulses, 
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difficulty  is  encountered  with  reflections  from  the  plates  (due  to  a 
small  mismatch),  that  travel  back  to  the  3BG.  At  the  3BG,  these  are 
once  again  reflected  (the  33G  is  an  open  transmission  line)  and  re- 
turn to  the  plates  generating  unwanted  signals.  3y  introducing  the  de- 
lay line,  the  reflection  arrives  at  the  plates  120  ns  after  the  original 
pulse,  long  after  the  observations  are  made. 

The  plasma  column  is  inserted  perpendicular  to  the  plane  of  the 
plates  through  the  holes  at  the  center.  The  holes  are  made  to  fit 
tightly  around  the  column.  As  the  pulse  propagates  along  the  parallel 
plates,  the  region  of  plasma  within  the  plates  ( 1 cm  separation)  feels 
uniformly  around  the  column  the  effect  of  the  electric  field  of  the  pulse. 
The  field  is  directed  parallel  to  the  axis  of  the  column,  such  that  elec- 
trons are  accelerated  towards  the  anode. 

With  this  mode  of  coupling,  circularly  symmetric  waves  are 
excited  in  the  plasma  and  they  propagate  along  the  column  towards  the 
anode.  To  prevent  waves  from  propagating  towards  the  cathode,  the 
section  of  plasma  between  cathode  and  launcher  is  surrounded  with  a 

copper  sheet  and  no  wave  can  propagate  under  those  conditions. 

More  will  be  said  on  this  in  chapter  III.  Since  the  tube  is  of  finite 
length,  wideband  microwave  absorbers  are  used  at  the  end  of  the 
column  to  prevent  possible  reflections  from  the  anode  and  into  the 
receiver. 

The  receiver  is  mounted  on  a carriage  and  can  be  moved  along 
the  whole  length  of  the  column.  These  plates  pick  up  the  longitudinal 
electric  field  associated  with  the  propagating  wave.  The  field  strength 
is  displayed  on  the  sampling  scope  and  also  plotted  on  paper  using  the 
X-Y  recorder.  A trigger  pulse  from  the  BBG  is  used  to  properly 
synchronize  the  time  of  sampling. 

Two  types  of  oscillograms  were  recorded.  First,  for  a fixed 
position  of  the  receiving  plate,  oscillograms  in  time  were  taken.  The 
analog  output  of  the  scope  drives  the  Y axis  of  the  plotter,  while  the 
scope's  time  base  is  used  to  drive  the  X axis.  In  this  manner,  a replica 
of  the  trace  that  appears  on  the  scope's  screen  is  plotted.  Secondly, 
the  spatial  distribution  of  the  waves,  for  fixed  sampling  time,  were 
obtained.  The  Y axis  of  the  plotter  is  driven  as  in  the  time  measure - 
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I'  ig.  2.  T>  Block  diagram  of  impulse  generation,  transmission  and  reception 


merits;  the  X axis  however  is  driven  by  a voltage  proportional  to  the 
position  of  the  receiver  with  respect  to  the  launcher.  The  arrangement 
is  shown  in  fig.  2.  6.  A constant  voltage  is  applied  across  the  potentio- 
v meter.  As  the  crank  is  turned  to  move  the  probe,  the  arm  of  the 
potentiometer  rotates  a distance  proportional  to  the  probe's  motion 
along  the  axis  of  the  column.  Thus  the  voltage  of  the  arm  is  equivalent 
to  the  distance  of  the  probe  with  respect  to  the  structure.  This  voltage 
increases  continuously  as  the  receiving  structure  moves  away  from  the 
launcher. 

Both  types  of  oscillograms  were  taken  under  different  operating 
conditions.  The  argon  discharge  was  operated  over  a range  of  neutral 
gas  pressure  and  D.  C.  discharge  current.  The  pressure  was  varied 
from  1 to  10  p Hg  and  the  current  between  20  and  300  mA.  In  this 
domain,  the  electron  temperature  ranged  between  2.  5 and  5 eV.  ithe 

high  temperature  corresponding  to  the  lowest  pressure),  while  the 

9 10  - 3 . . 

average  electron  densities  were  of  the  order  of  10  -10  cm  itne 
low  densities  corresponding  to  the  lowest  pressures  and  discharge  cur- 
rents). The  range  of  electron  collision  freanencies  has  been  tabulated 
in  sec.  2.  1.  1.  To  investigate  the  effect  of  column  radius  on  the  propa- 
gation of  the  waves,  column  section  of  diameters;  .6  cm,  . 952  cm 
and  1.  32  cm,  were  used. 

Finally,  the  characteristic  of  the  waves  as  a function  of  exciting 
pulse  polarity  and  amplitude  were  investigated.  A 3BG  was  also 
constructed  to  produce  negative  pulses.  For  a negative  pulse,  ions 
are  accelerated  towards  the  anode.  Since  the  amplitude  of  the  EBG 
pulse  (both  positive  and  negative)  is  constant,  attenuators  are  used  to 
obtain  the  lowest  desired  level  of  excitation  (this  corresponded  to  ap- 
proximately 100  volts).  Then,  the  peak  voltage  of  the  exiting  pulse 
(numerically  equal  to  the  longitudinal  electric  field  the  charged 
particles  between  the  plates  feel)  is  progressively  increased  (by  re- 
ducing the  attenuation)  to  its  maximum  value.  In  taking  the  oscillo- 
grams, each  time  the  exciting  pulse  is  increased,  the  received  waves 
are  attenuated  by  a corresponding  value  to  keep  the  gain  of  the  system 
fixed,  allowing  direct  comparison  of  the  profiles  of  the  received 
signals. 
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2.  2.  2 Finite  axial  magnetic  field 

To  study  the  propagation  of  large  amplitude  pulses  along  magneto 
plasma  columns,  a uniform  magnetic  field  of  strength  up  to  1.  2 K 
Gauss  was  added  to  the  set-up  of  fig.  2.  5.  The  field  was  produced  by 
seven  ESI  49  coils  Arranged  in  such  a fashion  that  the  magnetic  field 
variation  over  the  test  region  was  only  + 1%  . Moreover,  the  test 

section  in  fig.  2.  5 was  surrounded  with  a conductor,  except  at  the 
launcher,  and  receiver  locations. 

Initially,  the  same  method  (i.  e.  tube  inserted  perpendicular  to 
the  plates  through  holes  made  in  them)  was  used  to  couple  the  pulse  to 
the  magneto  plasma  column.  It  proved  to  be  very  inefficient  in  excit- 
ing propagating  bulk  waves  due  to  great  coupling  losses.  The  tube  sec- 
tion was  then  redesigned  and  copper  rings  were  inserted  such  that  the 
parallel  plates  were  in  direct  contact  with  the  plasma.  This  improved 
the  coupling  greatly  and  proved  to  be  necessary  to  launch  the  waves. 
The  modified  set  up  is  shown  in  fig.  2.7.  Similar  recordings  as  for 

the  case  of  no  magnetic  field  were  obtained  under  different  conditions 

• 

of:  plasma  frequency,  magnetic  field  strength  and  background  neutral 
pressure. 

Before  presenting  the  results  of  the  experiments  (both  with  and 
without  magnetic  field),  an  analytical  formulation  and  analysis  of  the 
experimental  conditions  will  be  given  in  the  next  chapter.  In  the  light 
of  knowledge  acquired  from  such  analysis  experimental  data  will  then 
be  presented  and  analyzed. 
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IH-3.  Analytical  Formulation  of  the  Experiment 

The  problem  posed  by  the  experiment  is  as  follows:  a plasma  column 
of  circular  cross-section  of  radius  b,  and  infinite  length,  either  in  free 
space  or  surrounded  by  a conductor,  is  excited  at  z = 0 by  a finite  ampli- 
tude source  of  electromagnetic  radiation.  In  general,  a finite  axial  D.  C. 
Magnetic  field  is  present  as  shown  in  Figure  3.  1.  The  spatial  and  tem- 
poral evolution  of  the  excited  bounded  modes  is  investigated.  This  analysis 
involves  the  adoption  of  an  apprqjriate  idealized  model  which  is  mathe- 
matically tractable. 

3.1  Analytical  Model 

Consider  a homogeneous  plasma  column  imbedded  in  the  gas  from 
which  it  is  formed  by  partial  ionization.  The  plasma  is  considered  to  be 
a cold  electron  gas  moving  through  a stationary  neutralizing  background 
of  ions.  The  dynamical  interaction  between  electrons  and  the  background 
is  described  -by  a constant  collision  frequency  v . The  interaction  is  as- 
sumed to  be  such  that  there  is  no  loss  of  electrons  due  to  ionization,  re- 
combination or  attachment.  Since  the  percentage  ionization  of  the  discharge 
is  low  (.  01%),  it  may  be  assumed  that  v is  basically  the  electron  neutral 
collision  frequency.  The  fact  that  the  background  density  of  the  discharge 
is  dependent  on  radius,  undermines  the  assumption  of  a uniform  plasma 
column,  but  a compromise  is  necessary  if  the  finite  amplitude  analysis  is 
to  be  mathematically  tractable.  The  effects  introduced  by  the  inhomo- 
geneity will  be  discussed  at  the  proper  place. 

Quantitatively,  Euler's  eauations  will  be  used  to  describe  the  dyr.am- 

. . . ‘(37) 

ics  oi  the  electrons  : 


dtn  + V • nv  = 0 


(3-1) 


mnd.v  + rrmv  ■ 7v  t mm/  v + enE  4-  nv  x a H = 0 

t~  ~ ~ c_  ~ ~ 'o  _o 

whe  re 


(3-2) 


n(r,  t) 
v(r,  t) 

vc 

E(r,  t) 
H 


electron  number  density 
average  electron  velocity 

collision  frequency  for  momentum  transfer  between 
electrons  and  neutrals 

electric  field  intensity 

background  magnetic  f’eld  intensity 
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... 


J 


I. 


When  stated  in  the  form  of  (3-l)-(3-2),  a series  of  assumptions  must 

be  appended  to  the  exact  Euler  system.  These  assumptions  may  be  found 

(33) 

in  a standard  text  on  plasma  dynamics' 

Since  it  is  our  interest  to  study  the  interaction  of  the  above  plasma 
model  with  an  electromagnetic  field.  Maxwell's  equations  must  bevidded 
to  (3-  1)  and  (3-2): 


V x E = -a  d,  H 
~ 'o  t ~ 


(3-3) 


VxK»€0dtEH-J5  (3-4) 

whe  re 

J = electric  current  source. 

~e 

J involves  all  electric  current  densities  present,  applied  or  induced.  The 
~e 

interaction  of  plasma  and  EM  field  occurs  through  the  quantities  J and 
ne  E in  a self-consistent  manner.  'Explicitly 


J 


J + J 
~app  _c 


whe  re 


J 

~ apD 
J 

~c 


= externally  applied  electric  current 

s electron  convection  current  in  plasma  and  is 
given  by 


(3-5) 


J = 
~c 


env 


(3-6) 


Other  contributions  to  J (such  as  polarization,  currents,  drift  currents 

_e 

due  to  plasma  inhomogeneitie s,  E x H drifts,  etc;  and  conduction  currents) 

«*»  <*v 

will  be  neglected.  Equations  (3  - 1)—  (3-6)  form  a determinate  system  of 
equations  through  which  any  interaction  problem  may  be  studied,  once  J ^ 
is  specified. 

Redefining  the  product  nv  as  a new  variable: 


u = nv  (3-7) 

and  considering  n which  is  a function  of  space  and  time  as  composed  of 
two  parts:  a time  independent  part  or  background  and  a time  dependent 
part  or  fluctuating  term: 
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r 


1 


n(r,  t)=  nQ+  n(r,  t) 


(3-3) 


whe  re 


k 


= background  electron  density 
= time  varying  electron  density 

The  system  (3-  I)- (3-6)  simplifies  to^^: 


n 

_o 


and  n ~S>  n. 
o 


d^n  + 7 • u = 0 


md.u  + — V • uu=-neE-euuxH  - mi:  u 
t_  n ~ ~ « ^o~  ~o  ^ ~ 

o 


7 x H = e d.  E-eu  + J 

~ o t ~ app 


V x E = -fi  d H 
~ r o t _ 

To  this  set  of  equations,  we  also  add 


e 7*E=-e(n-n)=-en 
o _ o 


and 


7 • H = 0 


(3-9) 

(3-10) 

(3-11) 

(3-12) 

(3-13) 

(3-14) 


Formally  solving  equations  (3-10)  to  second  order  in  u (see  Appendix  1) 
and  using  the  results  in  eqs.  11;  the  system  is  reduced  to: 


7 x H = e • E + N(E)  + J 


lPP 


7 x E = - 

where  € is  a linear  operator  given  by: 

€ - (e  d.  1 ten) 

and  N(E)  is  a nonlinear  term,  in  E given  by: 

€ 

N(E)  - H(  i 7 • n E IIE  - Jj2  E ’ 

3 * ~ * ~ no  - 

with  0 

1 • unit  dvad 
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(3-1 5a) 
(3-1  5b) 


E) 


A 


and 


n (dt>H.vc)  = (mdt  1 - eMo  Hq  x 1 - ™V(.  1 ) e nQ 
Decomposing  the  gradient  operator  as  V = 7 . + d z , Eq  3-15  may 

t Z **  O ^ j 

be  cast  into  a form  appropriate  for  g \ided  wave  analysis 
Written  in  operator  form: 

(L  + i d rU  = N to)  + i J (3-16) 

z a pp 

where,  for  p < b (where  b is  the  radius  of  the  column) 


L—  i 


e d 1 - eil 
o t _ 


-7t*r 


x l 


- u d 1 
' o t = 


( 3 - i 6a) 


( 3 - 1 6b) 


for  a > b,  n — • 0 and  the  eauations  reduce  to  Maxwell's  equation  in 
y o 

free  space. 

Along  with  these  defining  equations,  boundary  conditions  must  be 
specified.  These  are: 

For  a column  m free  space 

a)  plasma  boundary  is  assumed  sharp 

b)  at  p = b,  tangential  E and  H fields  are  continuous 

c)  solutions  must  be  finite  everywhere 

d)  conditions  at  the  source  will  be  deferred  until  later 


When  the  column  is  surrounded  by  conductor,  the  above  conditions 
apply  except  that  b)  must  be  restated  as:  Tangential  E and  H fields 
are  zero  @ p = b. 

Now  we  proceed  to  obtain,  a solution  to  the  above  posed  problem. 
As  a matter  of  convenience,  the  source  term  in  Eq.  3-16  will  be 
dropped  until  the  time  it  needs  to  be  considered  to  interpret  the 
experimental  results. 

Taking  Fourier  transform  in  time  of  3-16,  one  obtains: 


L (*i«,  ~7)  j/(r,u)  + i Td  4(r,a)  s N [t  (x,  y )] 

t Z *• 


(3-171 
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where  the  transformed  operators  are  obtained  from  Equations  3-17 

by  recognizing  that  d^ i_>  in  the  transform  domain  and  that  the 

transform  of  a product  is  the  convolution  of  the  individual  transform 
(see  Appendix  1 ). 

We  shall  seek  solutions  of  the  problem  in  the  form  of  an  expansion 

in  terms  of  the  eigenfunctions  of  the  transverse,  lossless  operator  Lq, 

where  Lq  = L | q Assume  that  \l  ( r , w ) lies  in  the  space  spanned 
c 

by  the  transverse,  lossless  eigenvectors;  moreover,  that  the  operators 
in  Eq.(  3-17)  act  on  this  space  . Then  b (r  , w)  may  be  represented 
as: 


\b(z  , u ) = ^ d^(z,  <jj)  il/^(  r , y ) (3-18) 

or 

where  the  eigenvalue  prculem  for  the  \jj  is  defined: 

L ( -i« , V. ) - K ( w ) r v (3-19) 

o t a a a 

the  eigenvectors  \b  possess  the  orthogonality  property 

ct’  TlL'P  ) = 5ar(3  (3-19  a 

Using  this  property  of  the  ib  the  amplitudes  in  Eq,  (3-18) 
are  found  to  be  given  by: 

a = ter,  IV,  ) . (3-20) 

where  tb  is  the  actual  nonlinear,  lossy  field.  The  equation  for 
determining  the  co-efficients  (J  may  then  be  obtained  as  follows: 
Scalar  multiply  Eq  (3-17)  by  and  (3-19)  by  b and  subtract: 

( \b  a , L^)  - (ib,  L0^a)  + i 3z  (r  Ka  (w  )(r>/>a,  if/)  [Nter), 

or 

F i]j ^ (L-Lo)  ib\  + i 3z  te,  r ih^)  + ) (ib,  Ttjj = [N  (b),  b^\ 

identifying  (L-Lq)  as  the  loss  operator  v,  using  Eq.  (3-20)  and  then 
replacing  b (p  , u ) by  the  expans  ion  Eq.~  ( 3-1 8),  we  obtain  for  the 
amplitudes  : 
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i 3 a (z,u  ) + K (w  )CL  (z,u)+  i7(u)u.  (z,  w)=  i[E  , N(uE)]  (3-21) 
z & ci  a u u u~ 


where  7 ( u ) = (1 b , v ii  ) 

Cl  ~ Cl 


Thus,  the  solution  of  the  field  problem  is  cast  into  a study  of  the 
evolution  in  z of  the  modal  amplitudes.  To  arrive  at  an  explicit  form, 
we  must  evaluate  the  two  inner  products  involved.  To  do  this,  an 
explicit  form  for  the  eigenvectors,  a , must  be  obtained.  Keeping 
in  mind  that  the  goal  is  in  the  analysis  of  the  experimental  results,  we 
are  interested  in  obtaining  a set  of  eigenvectors  to  represent  the  guided 
field  produced  by  an  electric  current  source  directed  along  z and 
independent  of  0.  These  are  obtained  in  Appendix  2,  for  both  HQy='  0, 

and  H =0.  The  results  are  summarized  below: 

o 

For  zero  magnetic  field,  the  discrete  spectrum  contains  a single 
eigenvector  and  the  corresponding  eigenvalue,  i.  e.  , or  = 1.  The 
properly  normalized  eigenvector,  i.  e.  , normalized  as  in  Eq.  (3-19a), 
is  given  in  component  form: 


orp 


H 


ad 


(K  («)/ ac  3) 

or  0 

1/2 

I K P ) 

1 1 1 

K 

l 

p < b 

(/cff(u)/W€o)l/2(l/2  3 

1/2  V*!  lb) 

Ki  </2^ 

p > b 

' K0(/Cx2b) 

K 1 2 

(u  €oAa(«))1/S  ( 1/2  p ) 

1/2. . 2/  2 
( 1 -uJ  / GJ  ) 

P 

I ( K,  p) 

1 1 

p < b 

*1  , 

( 3 - 22a) 


( 3 -22b) 


(u  e /k  (o>  ))1/<2  ( 1/2  3 )1/2 


I (Kx  fa)  K ( K±  p 


1 11 


o'  a 


K K b)  « 
0 2 


p > b 


E 

az 


l(l/«e0  Ka(u))1/Z  (1/2  P )l/a 
i(l/ue  K (co  )) 1/2  (1/2  (3  )1/2 

O 


I , p)  P<  fa 

0 


I (K,  fa) 

0 1 
K . (K  faj 
0 - 2 


; 3-22c) 


K Ak  p ) p > fa 
u ‘2 
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Ij,  Iq,  Kq,  K , are  the  modified  Bessel  functions  oi  the  given  order, 
K , K ^ and  the  eigenvalue  K(u  ) (the  a may  be  dropped  from  the 
eigenvalue;  however,  it  will  be  retained  on  the  eigenvector  so  as  to 
differentiate  it  from  the  total  field)  are  related  as  follows: 


-X?*  o2 


(3-23a) 


2 2 2 

K ~ k - kq 


2 2 

Kn  3 w a e 

0 no  o 

I,(K  b)  K.(k  b) 

1 a l 1 a o 


2/  2,  1 - 1 , x 2 

P K \{K  b) 

M M 


(3 -23b) 


(3-23c) 


For  low  Magnetic  fields  (u^  < c;^),  column  surrounded  by  conductor, 

we  make  the  assumption  that  the  waves  are  slow  and  therefore  are 

(8 ) 

primarily  of  a TM  type.  The  exact  eigenvectors  are  then  approxi- 
mated by  the  quasi-static  eigenvectors: 


E = lAJ  (/C  p) 
a o , , 

z M 


(3-24a) 


, JAk  p) 
3 1 a i 

=«  = A*a  e - 7 

p 1 1 1 


( 3 - 24b ) 


JAk  P) 


H = Au€ 
a„  o 3 

0 K 


(3 -24c) 


Where  J , J.  are  the  Bessel  function  of  the  first  kind, 
o 1 

r 2 i 2 

e„  1 - — 2 , e = 1 - — , k = - k and  k b*  p (3-24d) 

W “-W  “ 1 UJ  M ^ A1  11 

U CJ 


p is  the  nth  zero  of  J . The  normalization  constant  is  given  (from 
n o 3 

Eq.  3-  19a)  by: 


I 


/ 


A = 


i 


1 


(3-25) 


K 

(u/c  s / e )1/2  «,bJ  (k  b) 

01  O I o I i ^ 

In  the  limit  of  large  magnetic  fields;  i.  e.  w > > 1,  w^  > > 1; 

the  eigenvectors  are  obtained  from  the  exact  equations  and  are  given 
by: 


iA'J  (K  p) 

0 M 


(3-2oa) 


E 

at 

P 


A' 


K 

M 


JAk  p) 
1 M 


wee 

A'— JAk  p) 
, - 1 


(3 -26b) 


(3-26cl 


where 

K*  * e(uVo  - Kl] 
± 1 

K b = p 
j.  , n 


and  the  normalization  constant  given  by: 


A'  = 


M 

TT5 

(w/c  e )1/“  ebJ  (k  b) 

or  o l x i 


(3-27) 


For  completeness,  the  properly  normalized  eigenvectors  for  the  case 
of  a column  in  free  space  with  an  infinite  magnetic  field  present  are 
also  derived  in  Appendix  2,  but  not  reproduced  here. 

Using  these  eigenvectors,  the  various  terms  in  equation  3-21 
can  be  evaluated  explicitly.  Expanding  the  various  inner  product,  the 
amplitude  equation  may  be  rewritten  as: 
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idz(Jct(z,  uj ) + Ka(u)Qa(z,  *j)+iy(u)Qa(z,  -) 


= J Wg)  Cl  a(z,  Uj)  "w  i"w  2)d"J  ldt"  2 (3-28) 

-00 

where  «£(w,w  ,<*>2)  is  the  Kernel  of  the  integral  operator.  The 
effects  of  collisions  have  been  neglected  in  R.H.S.  \M  and  J?(w,  “^“2^ 
are  given  by  (see  Appendix  3): 

For  zero  magnetic  field,  column  in  free  space, 

e€  u2  b 

— — f [P(u,a  u , p)-W(w,u  ,ui  p)]pdp  (3-29) 

m oj  , vj«-»  1 - * ^ 


'12  o 


whe  re 


(KfWj)  K(«9)  k(u) 

,3,3,lfl2,o 

wiu2weo2  3 P p 


( Kfw^/cfw) 

,«  P)  = *(«  ) — - 707TT72 

\'c(w2^wlJ2'jeo2  P ^ ^ 


11“’ 

T.(0) 

*1 

n,2) 

(2) 

K 

,(2) 

1 1 

X 1 

1 

\ 

1/2 

/ 

t(0  ) 
0 \ 1 

(3-29a) 


0 K(0)  K(0) 
1 1 M 


«(w1)K(t*j)w1u2^€222j3  p1?- 


,/9  T^» 

17  “ T{1)  t(2)  t(0)  I_  r(0) 

1 0 1 0 1 0 " (2)  0 

K, 

L x 1 

(3-29b) 


f(t)  i=o,  1,2;  w = w,  and  the  prime  denotes  m-  and 


u“v  , , 

/ \ 0 K M 

7(oj)  -22  *20 
*>  +v 


i7(/c  p) 


O K 


i'\/'  b o'". 

— Y — PdP+  J — 2" 


x>Ma) 


For  small  axial  magnetic  fields  , column  surrounded  by  a 
conductor: 


I 


/ 


2 \ 2 

w \ u 

a \ 2_ 

2.  2 I 

U TU  / U>  -j  , - 

pc'  1 


2 2 

u“  w” 

P c 

2 ? ? 
« « , ( u “ + oj  “ ) 


K («.  )A(u. ) A(oj„)  A(u)  J J (K  p)  p d p 
a i i - o ° J-  i 


(3-30) 


this  form  of  is  obtained  by  using  the  assumption  that  the  maximum 

contribution  to  the  nonlinear  term  is  due  to  the  coupling  of  the  longi- 
tudinal component  of  the  total  field.  This  is  consistent  with  the  quasi - 
static  assumption  (see  Appendix  3).  When  the  axial  field  goes  to 
infinity. 


u)  U,  U . M U , 
1 2 1 


2 *<*(“! ^ A (“j)  A(u)A(wft) 


(K  plpd  p 


(3-31) 


Note  that  equation  3-30  reduces  to  the  above  equation  in  the 


limit  «*>  — cc . 
c 


The  collision  term  is  given  by: 


- f A2(u  )J2q(k 

° L 11 


2 


p)  p d p — | ^ 
u>"+y 


(3-32) 


The  above  forms  of  -2T  and  7 apply  for  the  column  in  free  space, 
with  an  infinite  axial  magnetic  field  present.  However  the  proper 
normalization  A(u)  must  be  used  (see  Appendix  .2)- 

To  continue  the  analysis,  the  functional  dependence  of  on 
must  be  obtained. 


3.  2 Functional  relation  between  and  w 
a)  No  axial  magnetic  field: 

Since  there  is  only  one  mode  present,  the  functional  relationship 
may  be  obtained  from  equations  (2-23).  This  set  of  equations  is 


/ 


transcendental  and  an  explicit  solution  for  k in  terms  ol  w is 

impossible.  Computer  solution  of  these  equations  is  shown  in  figure 

3.  2.  In  order  to  carry  analytical  methods  further  so  as  to  gain 

insight  into  the  phenomena,  an  approximate  analytical  function  of  w 

will  be  used  for  k . The  approximation  is  derived  from  the  behavior 
a 

of  k in  equations  2.23  for  large  and  small  u. 

For  u — - 0,  equation  (2-23c)  reduces  to:' 

, 2,2  2.  2,,  , 2,2  2,  2,1/2  v Io(Kp)  Jr 

’ (*ab  ' Koh  )ln(,ca;b  ‘ «ob  * ' Kp  I (Kp)  2 

1 w 

P 

u>  b 

where  Kp  = P k = — c = speed  of  light. 


Equation  (2-23c)  may  be  further  reduced  to 


L . %b2V/2  ji 

• ■ r " 2c-  j % 


(3-33) 


thus  for  oo  — 0,  k and  oj  are  linearly  related.  Moreover,  for 
u — <*>  /JT  , a resonance  is  observed.  The  appropriate  choice  of 
approximate  equation  must  take  cognizance  of  these  facts.  Such  a 
choice  is  given  by: 


2 c;  t 1 

' 2 ( - 2/  2 
vq  ^1-2  w /w 


(3-34) 


whe  re 


2 2,  2 

V = u D 
O p 


' 2 2 
I (Kp)  uV 

Kp + — 

■ IjtKp)  2c“ 


the  values  of  obtained  from  (3-34)  were  compared  with  those 

Cl 

obtained  by  computer  solution  of  equations  (3-23)  and  (3-34).  The 

values  of  v obtained  for  a best  fit  were: 
o 


(.5  163422)  -ib  for  14  point  fit 

O 


(.67  165)  b fo r 2 1 point  fit 


(3-34a) 


Since  for  the  range  of  interest 


w 2/2 

Ka  = ~ U + w / - ) 
o 


j equation  (3-34)  may  be  exDanded 


(3-35) 


where  only  the  positive  mode  will  be  considered.  Equation  (3-35)  is. 
the  desired  relationship  for  the  no  static  magnetic  field  case. 

o)  Weak  magnetic  fields;  column  surrounded  by  conductor 
From  equation  (2-24d);  solving  for  the  propagation  constant*8* 


(3-36 1 


For  «c  < -Jp,  the  low  frequency  passbana  of  equation  (3-36)  is 

similar  to  equation  (3-34),  except  that  resonance  now  occurs  at  ji  . 

For  u < u < « and  fixing  on  modes  moving  in  direction  z > 0; 
c p 

equation  (3-36)  may  be  approximated  by  an  equation  similar  to  (3-35) 
as: 


”22 
-u)  (to-- 

2 2 

uj  “VjJ  ) 

P c 

9 9 

2 2 

(U  -<*)“) 

(u“  -U) 

(-  P 

c 

K (w)  = K («)  = — (1  + 1/2  ui2/^2  ) 

U:  n v c 


(3-37) 


whe  re 


V = B S , 

s p 2 2 1/2 

*n  (wa+wc) 


When  the  magnetic  field  goes  to  infinity,  is  given  by: 


2 ..  2 * L 

K = K. -r — 

a o , 2/2, 

I 1 -«  /w  , 
P 


again,  in  the  region  of  interest,  i.  e.  slow  waves,  the  above  becomes: 


9 9 0 

, K “«v« 

K2  2- 

# 2 / 
<i-“ /“;> 


/ 


r 


**  s ',("1=  T <I  + l/2  -2/“p) 


(3-38) 


Where  v = cj  / X and  < =p  / b.  (3-38a) 
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By  equations  (3-35),  (3-37)  and  (3-38),  the  coefficients  that  appear  in 
the  amplitude  equation  (3-28)  have  been  explicitly  defined.  In  the  next 
section  the  final  form  of  the  amplitude  equation  is  obtained. 


3.  3 Final  r orrr.  of  Amplitude  Ecuatior- 

Using  the  aoDroximate  relations,  derived  in  3.2,  between  k 
s a 

and  u;  Eq.  (3-23)  may  be  written  in  its  final  form. 

A.  No  Magnetic  Field: 

Using  Eq.  (3-35),  Eq.  (3-3a),  and  the  results  of  Appendix  3 in 
Equation  (3-28),  we  finally  obtain  for  the  modal  amplitude: 

id  d (z,  w)  + Q.  (z,u)+i  — — 0.  (z.u) 

2 * \ vo  a 'fo  a 

o  p 


= C,  f w ,w  « Q (z,«,)(Z  (z,u  .)d\  + C,  J w,  u d (z,u,)Q.(z,u  )d\ 
1 •>  1 2 a 2 a 1 2 f 1 a i a 2 


+ C,  / OJCJ  “ & (z,  w , ) Q (z,w  )d\rC  Jw  Cl  (z.wj  <2  (z,  u , )d\ 

3 ^ 2 1 or  Iq'  2 4 ^ 2 a 2 a I 

o o 

(3-39) 


where:  d\.  — 5 (w  - u ^ -co  d w ^ do>  0 


c - -S-  b 

1  m -.5 


2 „ 6 „ 3 


V.  w v , 
c p d 


p d o o 


(3-39a) 


c - . JL  I 

2  " m 24  Ub  v*  v e 
p d o o 


u f « 1/2 

IZ  6°  3 ) 

2 v ^ v , v e J 
p d o o 

c r - -£.  i-  f la "l  1/2 

m ?h  \ 2 n ' 


m 2b  \ 2 6 / 

p d o 


(3- 39b) 


(3- 39c) 


( 3 - 3 9d) 


and  v^  is  given  in  appendix  3. 


Multiplying  by  -i,  and  recognizing  that  -i  -J  — 9 , the  above  equation 

transforms  to  the  time  domain  as, 


/ 


r 


d CL  (z,t)  + d d fz.t)-  — - dJ  & (z,  t)  f — d ( z , t)  = C , d (a  Q,  (z,  tif 

z a t a rr  . - t u'  '-.O'  I t V t a / 

O v -J  O 

o p 

+ C.d , (Q  d Zd)  +C,d2a  (z,t)  d Q.  (z,  t)  +C  0.  (z,  t)  d £L(z,t). 
^ t or  t or  jta  t a 4a  ta 

Expanding  the  R.  H.  S.  of  the  above  and  collecting  terms: 

d (X  (z,  t)  + — d Cl  (z,  t)-  — — d*  CL  (z,t/  + — —Li  (z,  t ) 

za  v t a , 2 t a va 

o v w o 

o p 

= c-  d a(z,t)d2a  (z,t)+c  a d3 a +c  a d. o 0-40) 

1 t a t a -ata  4at  a 

where  Cj  = 2C^-rC?  + C^ 

this  equation  is  the  final  form  of  the  amplitude  equation.  It  holds  for 

times  such  that  CL  (z,u)  = 0 for  w >12  . Moreover,  the  linear  damp- 
er 

ing  term  must  be  modified  for  cases  where  Cl  (z,  w)  ? 0 for  u>  < v 

o — c 

These  implications  will  be  discussed  in  section  3.4. 

3.  Infinite  Magnetic  Field. 

The  final  form  of  the  modal  amplitude  equation  for  this  case  is 
obtained  using  equations  (3-31),  (3-38)  and  the  results  of  appendix  3 
in  equation  (3.  28).  Note  that  from  Appendix  3,  it  has  been  assumed 
that  only  a single  mode  (the  lowest  order)  is  propagating  i.  e.  , the 
a's  reduce  to  only  one.  For  the  case  of  a metal  conductor  sur- 
rounding the  plasma  column, 

id  Cl  (z,  u ) + ( ■ - — + — =-)  CL  (z,  u ) + iC  (X  (z,«  ) 

Zct  V V 7 I r*  c.r* 


x 2v  a 
X o 


C a 


12  n 

= C’  J 0)  . U (z,  Od  . ) Cl  (z,  u ,)  d\ 

4 •!  i O'  lp  2 


(3-41) 


where  C' 


3 e 
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V)5 
b / 


i p7 
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J J3  ik  0)0  dr 
oo, 


I .<  0 1 


and  C given  in  Anoendix  3. 
3 * * 
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I J J (k  3)  dc  = . 72b**/2  J,  (kb) 


j o 
o 


C'  = 1.  08  — 

4 m 


multiplying  by  -i  and  transforming  into  time  domain: 

d Q,  lz,t)+  — — d CL(z,t)  - — — d3f^-(z,t)  + C CL  (z,t) 

z a v t a 2 t a c a 

x 2 v 

x 

= C (z,  t)  d CL .(z.t)  (2 

4 Or  tw  or 


when  there  is  no  conducting  wall  present,  the  constant  C , above  is 

3 - 4 


given  by: 


cf  = J-  -S 

4 2 m 3, 

u v b 

o jC 


!3-43) 


where  given  by:  (3-38a) 

Equation  (3-28)  is  a Kortweg  -de  Vries  equation  with  a damping  term 

for  the  modal  amplitude.  It  is  valid  only  up  to  times  when  the  frequency 

spectrum  of  CL  (z,t)  contain  freauencies  close  to  w . 

a * p 

C.  Weak  Magnetic  Fields  column  surrounded  by  a perfect  waveguide. 

The  derivation  follows  the  same  fashion  as  that  leading  to 
equation  (3-41)  (see  Appendix  3),  with  the  exception  that  the  constant 
coefficients  are  different.  From  eqs.  (3-30),  for  the  nonlinear  term; 
equation  (3-37)  for  the  dispersion  relation  and  (3-25)  for  the  normali- 
zation constant,  we  have  from  appendix  3: 


<•  (z,  t)  + — d^<-(z,t)-  — — d (z,  t) 

« % C « 2v  a.  2 1 ° 


= (z,  t)  d (a~  (z,  t) 

4 a t a 


(3-44) 


where  C * collision  coefficient  and  is  aooroximatelv  given 
c • 3 

by  (3-39) 


? 


Equation  (3-44a)  is  also  a Kortweg-de  Vries  equation  for  the  model 
amplitude.  For  this  case,  it  is  valid  up  to  times  when  the  frequency 
spectrum  of  CL^(z,  t)  contain  frequencies  close  to  the  Cyclotron 
frequency, 


/ 


3.  4 Analysis  of  the  Amplitude  Equation 

Comparing  the  magnitude  of  the  terms  on  the  right  hand  side  of 
equation  (3-39),  we  find  that  the  last  term  [the  term  whose  coefficient 
is  C ] is  the  dominant  one.  From  equation  6-37of  Appendix  3,  ob- 
serve that  this  term  arises  from  the  nonlinear  coupling  of  the  longitu- 
dinal electric  field  of  waves  of  different  frequencies.  Since,  from 
equations  (2-2  1),  the  magnitude  of  the  longitudinal  field  is  greater  than 
the  transverse  field,  it  is  expected  that  the  strongest  nonlinearity  would 
result  from  interactions  involving  only  the  longitudinal  components  of 
the  field.  Neglecting  the  other  two  terms  in  the  R.  H.  S.  of  (3-39),  the 
resulting  equation  has  the  same  form  as  equation  (3-42),  i.  e.  , Eq. 
(3-39)  reduces  to  the  K-de  V equation. 

Thus  the  evolution  in  z of  the  modal  amplitudes  is  described  by 
an  equation  of  the  K-de  V type.  This  results  in  the  recognition  that 
propagation  of  large  amplitude  slow  waves  and  surface  waves  along  a 
plasma  column  belong  to  a very  general  class  of  nonlinear  wave  phe- 
nomena, i.  e.  , nonlinear  dispersive  waves.  It  is  important  to  note 
that  the  sign  of  the  nonlinear  term  in  (3-42)  is  opposite  to  the  corres- 
ponding one  in  (3-39).  This  difference  results  in  qualitatively  different 
behavior  of  the  solution  which  will  be  discussed  in  the  next  section. 

Noting  from  Equation  (3-1  8)  that,  since  for  each  case  we  are 
only  considering  a single  mode,  the  field  solution  is: 

30 

tfr  (P.  t;z)  = r a (z,  w)  Hj  (p,  »)£»* 

J CZ  d £ 7T 

-00 

where  u)  and  (p,  u >)  are  given  by  Eas.  (3-39)  and  (3-22)  res- 

pectively, for  surface  waves  and  by  Eqs.  (3-24)  and  (3-42)  respective- 
ly for  body  waves.  In  particular,  for  the  longitudinal  electric  field 
of  the  wave  s : 

E (o,  -j;z)  = 2^  (z,  u)  E (p,  oj) 

z Ct  Cl 

Putting  in  the  value  for  E^(p,  *))  for  either  case,  we  find  in  the  regime 
«Ab  < 1 

EZ(P,  u;z)~  const  . it*  <fZa(z,  m)  (3-45a) 

48 


) 


(3 -45b) 


or  irom  inversion: 


E (p,  t ;z)^_  - const  d+  CL  (z,  t). 
z * ct 


This  result  is  very  convenient  since  it  allows  the  solution  of  Eqs. 
(3-42)  or  (3-39)  to  be  immediately  associated  with  the  longitudinal  elec- 
tric field  of  the  wave.  Thus  the  Modal  Amplitude  acts  as  a potential 
whose  time  derivative  is  proportional  to  the  longitudinal  E field. 
Rewriting  equations  (3-42)  and  (3-39)  as 

<*-  *)  \ ac  <*•  *>  - cd  4,  <*  *>  * C=  «„<*•  *> 

1 

- c"  #a(z,  t)  8t£  (*.  t)  = o (3-46) 

where 
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B = » 
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Weak  B 
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0 vd 


No  magnetic 
field 


_3  _e_  _1_ 
2 m 3 
d 


Infinite  mag- 
netic field; 
column  in 
free  space 


1.  08  — ; 
mb  4 

"P 


JY0zxh) 


Infinite  mag- 
netic field; 
column  surrounded 
by  perfect  conductor 


36  _e_ 
3 m 


k?  (uf+u?)3/2 


Jj(kjb) 


Weak  magnetic 
field 


With  the  observation  made  in  (3-45),  Equation  (3-46)  may  be 

used  as  the  starting  point  for  the  study  of  pulse  propagation,  of  limited 

band-width  and  finite  amplitude,  along  a plasma  column  with  infinite 

axial  magnetic  field,  or  with  a weak  magnetic  field,  respectively. 

3 4 

Ikezey  et  al  , using  quasi-static  approximation  derived  a K-de-V 
Equation  for  the  evolution  in  time  of  the  potential  of  an  electron  acous- 
tic wave  propagating  in  a cylindrical  plasma  column  in  an  infinite  mag- 
netic field  and  surrounded  by  a perfect  conductor. 

The  K-de-V  equation  can  be  obtained  for  other  kinds  of  plasma 
waves,  for  example  ion  waves  in  a cold  plasma  for  the  case  m » u 

r 42 1 T431  ce  ?e 

hydromagnetic  waves1-  J,  and  for  other  wave  phenomena1  * \ For  a 

comprehensive  survey  of  K-de-V  literature  see  [44]. 

As  previously  pointed  out  we  could  not  operate  the  experiment 

in  the  regime  cj  » w Results  were  obtained  only  for  u - 0 and 
° ce  pe  7 ce 

< Even  though  the  dispersion  relation  for  symmetric  body 

waves  in  the  regime  f^  < f can  be  approximated  by  an  equation  of 
the  form  (3-37),  the  structure  of  the  properly  normalized  and  exact 
eigenvectors  is  rather  complex  and  is  not  amenable  to  analytical  mani- 
pulation. The  coupling  coefficients  in  the  equations  for  the  modal 
amplitudes  (more  than  one  mode  has  to  be  conside  red^l ) would  not  be 
simple  functions  of  frequency,  and  numerical  solution  would  have  been 
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inevitable.  By  properly  approximating  the  exact  eigenvectors,  the 
coupling  coefficients  in  the  modal  amplitude  equations  could  be 
simplified,  and  the  analytical  result  in  the  form  of  Equation  (3-46) 
was  then  possible. 

Since  no  attempt  is  made  here  to  solve  the  K-de-V  equation 
either  analytically  or  numerically  the  equation  for  the  modal  ampli- 
tude will  be  subsequently  normalized  so  that  the  results  obtained  by 

T421 

others1  1 may  be  used  to  enable  us  to  rephrase  the  results  obtained 
in  Chapter  ILL 

Introducing  new  variables,  and  restricting  ourselves  to  experi- 
mental conditions: 


X (z,  t)  = 


+ u b C.  \ Ci  (z,  t)  No  magnetic  field 

p 4 a 


- ucb  [ | £^(z,  t)  Weak  magnetic  field 


(3-47a) 


No  magnetic  field 


Weak  magnetic  field 


(3-47b) 


*p(t  - */vQ) 


u (t  - z/v  ) 
c 's' 


No  magnetic  field 


Weak  magnetic  field 


(3-47c) 


We  obtain  from  (3-46)  and  (3-47): 


a2,  ^a(z',t')tbCc^(z',t')  dt,aa( z'.t') 


- «'3  J C(U',  f ) = o 


(3-48) 


whe  re  a'  = 


u b/  v 
t>  o 


b/  2v 


No  magnetic  field 


Weak  magnetic  field 


I 
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Equation  (3-48)  is  in  the  "standard  form"  (neglecting  the  collision  term) 
discussed  by  Berezin  and  Karpman^^i  They  investigated  the  evolu- 
tion, for  different  values  of  a' , of  a disturbance  at  z = 0,  radiated  for  a 
bounded  time  interval  A,  i.  e. , given  61  (0,  t1 ) ~ <4  (t'/  A).  How  does 

(z1,  t1)  depend  on  A and  a,  if  Cl  (z1,  t1 ) evolves  as  in  (3-48). 
at  a 

The  boundary  condition  for  (3-48)  may  be  obtained  from  the  ex- 
periment as  follows:  from  figure  2-7,  as  the  BBG  pulse  propagates 
in  the  parallel  plate  structure,  part  of  its  energy  is  coupled  to  a radia- 
tion field,  part  to  a plasma  guided  field  and  the  rest  is  dissipated  by 
the  termination.  The  amount  of  energy  that  goes  into  each  type  depends 
on  how  well  the  parallel  plate  couples  to  that  mode.  Even  though  we 
measured  the  coupling  of  energy  by  the  parallel  plate  structure  to  the 
guided  field  as  a function  of  frequency,  an  absolute  measurement  on 
the  percentage  of  energy  of  the  initial  pulse  that  goes  into  the  guided 
field  could  not  be  done.  The  unnormalized  modal  amplitude  at  z = 0, 
i.  e.  i ^ (0,  t)  is  related  to  the  longitudinal  electric  field  component  of 
guided  field,  excited  by  the  pulse,  by  equation  (3 -4 5a),  and  therefore 
from  equation  (3-45b): 

a)  No  magnetic  field: 


-i  [t  7jEz(b*  °*  * > 


(3-4?) 


Note  that  the  factor  in  parenthesis  has  the  dimensions  of  (coul-sec0)/ 
(kg-cm)  or  of  (electric  field)"^  as  it  should.  Since 

v = u b(.  6716  5): 
o p 


d.,6Z  (0,  t»)  = - 1.  9503  x 10"  -y-  E (b,  0,  t'  ) 

u C(  ‘•v  Z 

“pb 


u m sec 
P 

b in  cm 

_ . kg-cm 

Ez  in 3 

Coul-  sec 


(3-50) 


E (b,  0,  t')  is  the  longitudinal  field,  evaluated  at  the  boundary  of  the 
z 

column  of  the  "already  set  up*  guided  field  at  z = 0.  It  is  not  the  ac- 
tual BBG  pulse.  However,  since  the  field  is  applied  for  a finite  amount 
of  time,  we  expect  that  the  guided  field  at  z = 0 also  possess  this  char- 
acteristic in  time,  but  as  mentioned  before,  its  absolute  strength  is 
unknown. 

b)  Weak  magnetic  field 

From  (3-24),  E (p,  0,  w)  ~ E (0,  w)  J (k  p) 

z z U ) 


2 , 2 

^ (J  T U 

8t,^a(0,  t')  = + (3.  664  x 1 0")  f— E_(0,  t» ) 


2 , z' 

u OJ  0 

p c 


(3-51) 


Looking  into  the  physical  consequences  of  the  above  theory,  let  us 
first  consider  the  linearized  equation  obtained  from  (3-48)  when  the 
nonlinear  term,  CC  9t,  CLa,  is  neglected.  The  resulting  equation  is 
the  Airy  equation  with  a damping  term 

9Z,  UaW,t')  +bC^(z',  t')  - a'd3t,  4>,f)  = 0 


whose  solution  is: 


a (Z',f)=  eiU(w)2'  'ut,)  dc£ 

& J CL  o _ 

-00  Z 7T 


(3-52) 


with 


(to)  = ctu3  - ib  C 


and  the  normalized  amplitude  A (w)  is  given  in  terms  of  the  boundary 
condition  (3-50)  or  (3-5  1): 

A M = , f (const)  Ez(0,  t)  e1""  dt 

-00 

and  from  (3-45),  we  get  for  the  actual  guided  field: 

E (z',t')=  f (const)  E (0, -j)  e ^ K ^ ^ Z ^ yr 


or 
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E (z',t')  = (const)  e'bCc2'  f G(z',  t'-t")E  (0,  t')  dt" 
Z J z 


(3-53) 


with 


G(z',  t')  = 


(3o>z')1/3 


where 


Ai(x)  = ^ / ei(r3/3  +XT)dr 
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Since  the  initial  width  of  the  applied  signal  is  sufficiently  small, 
then  for  large  z1  , G(z',  t' ) is  a slow  varying  function,  and  the  solu- 
tion (3-53)  of  the  linearized  equation  can  be  written  in  the  following 
form' 42 


Ez(z',  t' ) ~ (const) 


-bC  z' 
c 


Ai 


1/3 


(3a1  z1  )v  J 


for  large  z'(3-54) 


Ez  does  not  depend  on  the  character  of  the  initial  radiation  as  long  as 

its  width  is  small.  However,  for  small  z' , the  solution  depends 

strongly  on  the  boundary  condition.  The  solution  (3-5  4)  represents  a 

wavepacket  moving  away  from  the  launcher  with  the  first  peak  moving 

with  velocity  vq  for  Bq  = 0,  and  vg  for  0-  The  packet  spreads 

and  its  amplitude  is  reduced  as  it  moves.  Figure  3-3  shows  a plot  of 

the  velocity  of  the  first  peak  as  a function  of  plasma  parameters,  i.  e. , 

w and  o j . The  solution  (3-54)  is  discussed  further  in  Chapter  III  in 
p c 

relation  to  the  experimental  results. 

Next,  for  the  full  nonlinear  equation,  the  nonlinear  parameter 

r 42 1 

v provides  a measure  for  the  nonlinear  effects.  To  compute  <r  for 
typical  experimental  conditions,  assume  the  boundary  conditions  for 
Eq.  (3-48)  to  be  given  at  z = 0 + Az,  i.  e. , a few  centimeters  to  the 
right  of  the  launching  plates.  Placing  the  receiving  plates  close  to  the 
launcher,  we  observe  a wave  packet  of  four  oscillations  extended  over 
an  interval  of  time  T . Thus,  take  as  the  boundary  condition  for 

-*N 

X (z*>  t1 ) a function  of  the  type: 


CLa  (Az'«  t')  = +ao  <£>(f  /toj.) 


(3-65) 
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elocity  of  first  peak  of  wavepacket 
vs 

Plasma  frequency 


B = 0,  column  in  free  space 

O * 


B0  = . 36  8 KC-,  column  surrounded  by 
perfect  conductor 


. 295  KC-,  column  surrounded 
by  pe rfect  con- 
ductor 


B = . 221  KG,  column  surrounded 
by  pe  rfect  con- 
ductor 


where 


^0  = 


A'  (1.  9503  x 10l3)  (1/upb) 

2,2 

- - 'jJ  ■+■  U 

B'  (3. 66  x 10  ) P t 9" 


B = 0 
o 


(l/«“b)  Bo\  0 


(3- 56a) 


B = 0 
o 


B \ 0 

n \ 


A1  and  B'  are  unknown  constant  amplitudes  in  volts/cm  which  depend 
on  how  well  the  BBG  pulse  couples  to  the  mode  field.  From  [43], 

“i  TvC 

cr  = 

v r 

Putting  in  for  & and  or': 

For  B =0: 

_ o 


<r  - 4.  45  5 x 10  ‘ t -/A1'  (3- 

For  B 0:  , 

-°A  / 2 . 2 xl/2 

t = 7.  4467  X 10  T ? - ^ c J 

V0'  “p  / 

Taking  widths  of  the  order  of  5 nonsec.,  w ~ 10.  49  x 10  ' rad/sec. , 
q P 

u — 5.  18  x 10'  rad/sec  and  a ~ 1.  4 (see  figure  3-4  for  the  behavior 
c 

of  a )t 


(3-57) 


(3-59) 


r • Vxr”  ?o=° 

cr  = / (3-59 

V.  365  ,^  Bq^  0 

r 42 1 

From  numerical  solutions  of  the  K-de-V  equation,  it  is  known1  ‘ J that 

a critical  r - it  - -,/T2)  exists  in  the  sense  that  Qualitatively  different 

C 4 f42l 

solutions  are  obtained  for  r » J and  t <<  t 1 . For  cr  > cr  , 

c c c 


Plasma  frequency 


c\j 


d313lAJVdVd  d 
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1.5  2.0 
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nonlinear  stationary  solutions  of  the  "solitary  type"  are  permissible, 
whereas  for  cr  < t " nonsolitary"  solutions  corresponding  to  rapidly- 
oscillating  wave  packets  are  obtained. 

Experimentally,  the  maximum  field  amplitude  available  at  the 
plates  (due  to  the  4.  4 dB  attenuation  of  the  6 0 nansec.  delay  line)  is 
1.  92  kilovolts/cm.  Even  though  absolute  field  amplitude  of  the  excited 
wave  is  unknown,  i.  e. , A'  or  B' , the  first  nonlinear  effects  which 
begin  to  be  observed  is  in  the  region  < r < < r . Therefore  in  the  first 
assessment  of  nonlinear  effects,  we  proceed  as  in  [45]  by  expanding 
the  solution  of  the  K-de-V  and  the  wave  number  ass 


^(2,  t)  = e a^e)  + 42(e)+. 


(3-60) 


K (w)  = K (u)  + e K-i(w)  + £ *"  K7(w)  +.  • 

Of  O I £ 


where 


0 - K z - ut 
a 


and  € = e (2?  ). 


and  *,(<*>)  is  chosen  to  be  zero  to  avoid  a secular  expression  of  lX.  • 

1 a 

In  a straightforward  fashion,  we  obtain  for  the  coefficients  of 
the  expansion: 


CLy  = cos  d = - 


K (o)  - — a + Ca  u 
o v. 

I 


cos  20 


1 2 Cd  u b u) 
P 


(3-6  1) 


ft,(w)  = 


1 


2 2 

24  Cd uj  b“  u 
P 


The  critical  difference  between  these  results  and  the  linear  results  in 
equation  (3-52)  is  the  dependence  of  the  dispersion  equation  on  the  am- 
plitude. The  specific  consequence  of  this  observation  is  that  the  char- 

r 45i 

acteristics  of  the  modulation  equations1  J become  doubly  degenerate, 
i.  e. , it  predicts  the  eventual  splitting  of  a wave  packet  into  two  separate 
ones  propagating  with  characteristic  velocities  given  by: 
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for  the  slow  wavepacket 


c+3 


(3-62) 


C = 


1 


' , > ^ o 

*o(w)  ' 7 


for  the  fast  wavepacket. 


u>  b 
P 

where  is  the  normalized  amplitude  of  the  nonuniform  wavetram,  and 
o r 

(jJ 

Ko{“)SdZKo‘  Using  t^lese  ve-oci^es » we  can  get  an  upper  estimate  as  to  t 


distance  away  from  the  source  at  which  this  separation  can  be  observed: 


.[ 


z = 


or  using  (3-62): 


z = 


u b T 

c 


-2  (X 


For  weakly  magnetic  field,  from  equations  (3-47)  and  (3-56a):  Note 
that  for  surface  waves  we  obtain  a negative  value  for  z.  The  conse- 
quence of  this  result  is  discussed  in  the  next  chapter.  ) 

2 


3 v- 
u b 
c 


3.  66  x 1015  x2  + w2 
P c 


2 B' 


For  the  typical  experimental  pa.  meter  previously  considered: 
■>3 


z = 


2.  06  x 1 CT 
2B' 


(3-63) 


thus  for  a wavepacket  of  actual  field  strength  of  50  volts/cm,  separa- 
tion of  approximately  3 nansec.  will  result  at  61  cm  away  from  the 
bounda ry. 

These  results  are  used  in  the  analysis  of  the  experimental  ob- 
servations which  are  discussed  next. 
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Ill—  -i.  Results 


In  light  of  the  analytical  results  derived  in  chapter  HI,  the  data  ob- 
tained using  the  apparatus  described  in  chapter  II  will  be  subsequently 
presented  and  analyzed.  The  results  for  the  no  anial  magnetic  field  case 
are  presented  in  section  4.  1;  and  in  section  4.  2,  the  results  for  the  weak 
axial  magnetic  field  case  are  presented.  As  previously  mentioneds  there 
are  two  fundemental  differences  between  these  two  cases: 

1.  Even  though  a Kortweg-de  Vries  type  equation  describes  the 
evolution  in  space-time  of  a given  disturbance,  different  qualitative  re- 
sults will  be  obtained  in  both  cases  for  the  same  excitation.  This  is  due 
to  the  fact  that  the  signs  of  the  nonlinear  terms  (or  of  the  normalized 
initial  distribution  in  Eq.  3-46)  are  opposite.  In  interpreting  the  results 
of  this  chapter,  it  is  important  to  note  that  the  Electric  field  at  the  launch- 
ing plate  points  in  the  - z,  direction  for  what  has  been  referred  to  as  the 
positive  pulse  in  the  preciding  chapters. 

2.  The  coupling  structures  used  for  either  case  were  different. 

The  set  up  shown  in  Fig.  2-5  was  used  for  the  no  magnetic  field  case, 
where  as  for  the  weak  magnetic  field,  the  set  up  is  shown  in  Fig.  2-7. 

In  the  latter  case,  the  addition  of  the  brass  rings  allowed  for  the  pulsed 
field  to  be  directly  coupled  to  the  plasma,  improving  the  launching  ef- 
ficiency for  the  body  waves.  For  Bo  = O,  surface  waves  were  strongly 
excited  without  the  need  of  the  brass  rings.  For  these  waves,  the  fields 
are  concentrated  at  the  plasma  boundary. 

Each  of  the  above  sections,  i.e.,  4.  1 and  4.2,  are  divided  into  wo 
subsections.  The  low  amplitude  or  linear  results  are  presented  in  the 
first  subsection;  while  in  the  second  subsection,  we  present  the  finite 
amplitude  or  nonlinear  results. 

4.  1 Zero  Axial  Magnetic  Field 
4.  1.  1 Linear  Regime 

For  experiments  in  this  regime,  the  peak  pulse  electric  field  at  the 
launching  plates  was  kept  below  192  Volts /cm.  At  these  field  levels,  the 
integral  solution,  equation  (3-53),  obtained  in  section  3.4  is  valid.  From 
this  equation,  the  mechanism  that  affects  the  propagation  of  the  pulse  is 
dispersion. 

The  vital  experimentally  controlled  parametcs  which  appear  in  the 
solution  (3-53)  are:  the  background  neutral  pressure  (i.e.  collision  fre- 
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quency),  initial  pulse  polarity,  plasma  frequency  and  piasma  column 
radius.  As  a matter  of  organization,  the  effect  of  each  of  the  above 
parameters  on  the  propagation  of  the  pulse  will  be  sequentially  pre- 
sented and  quantitatively  compared  to  the  solution  (3-53). 

Pressure  effects  had  no  particular  quantitative  interest  to  us  ex- 
cept from  the  point  of  view  of  being  able  to  launch  the  waves.  Due  to 
the  increase  with  pressure  of  electron-neutral  collision,  it  was  difficult 
to  launch  the  waves  as  illustrated  in  the  sequence  of  Fig.  4.  1.  High 
attenuation,  column  striations,  and  loss  of  statistical  sampling  coherence 
are  the  factors  responsible  for  this  behavior.  For  the  rest  of  the  ex- 
periments, the  pressure  was  kept  at  a point  where  collision  related  ef- 
fects had  the  least  influence  on  the  wavepacket  characteristics. 

The  effect,  in  this  regime,  of  pulse  polarity  is  trivial;  it  merely 
changes  the  sign  of  the  solution  (3-53).  In  Fig.  (4,2a),  we  display  os- 
cillogram in  time  obtained  at  z = 56  cm  for  the  "Dositive"  Dulse  and  in  Fig. 
(4.  2b)  for  the  ''negative"  pulse.  Figure  4.2b  is  just  the  negative  of  Fig. 

4.  2a.  The  polarity  of  the  first  oscillation  is  as  predicted  from  the  solution 
(3-54).  Quantitative  differences  in  the  freguency  of  oscillation  and  am- 
plitude are  due  to  slight  differences  in  plasma  frequency  and  initial  pulse 
characteristics.  In  Fig.  a,  the  "positive"  pulse  generator  produces,  at 
the  launching  plates,  an  Electric  field  pulse  in  the  negative  z direction, 
its  strength  is  approximately  192  volts/cm  and  its  duration  is  approxi- 
mately 1 nanosecond.  The  "negative"  generator,  in  the  other  hand,  pro- 
duces a field  in  the  positive  z,  direction  and  its  duration  is  approximately 
. 5 nanosecond.  The  seemingly  reverse  naming  comes  from  the  fact  that 
the  labeling  is  appropriate  for  the  voltage  of  the  front  plate  with  respect 
to  the  ground  plate.  The  evolution  in  space  of  the  initial  disturbance  is 
shown  in  Fig.  4.  3.  The  a)sequence  corresponds  to  the  positive  pulse 
whereas  the  b)sequence  correspond  to  the  negative  pulse.  This  sequence 
is  explained,  in  terms  of  equation  (3-53)  as  follows:  at  z = o,  the 
launcher  position,  a wave  is  radiated  for  a bounded  time  interval.  As  the 
pulse  travels  to  the  right,  i.  e. , z > 0,  it  rapidly  breaks  into  oscillations 
due  to  strong  dispersive  effects.  Since  the  dispersion  is  negative,  the 
long  wavelength  are  observed  to  propagate  at  a higher  speed. 
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Figures  4.4  a,b,  and  C show  oscillograms  in  time  for  different 
positions  of  the  receiver.  The  part  of  the  oscillogram  marked  with  an 
A corresponds  to  free  space  electromagnetic  radiation  propagating  at 
the  speed  of  light.  This  radiation  is  observed  even  if  the  plasma  were 
not  present  (see  Fig.  4.2  ).  From  these  curves,  we  again  observe  the 
negative  dispessive  properties  of  the  system.  This  property  is  further 
displayed  by  fourier  analyzing  the  wave  forms  of  Fig.  4.4.  From  the 
relation 

A t Aw  «*  1 


where  At  = spread  of  the  wavepacket  in  time 
Aw  = spread  in  frequency 

Thus,  as  the  packet  propagates  and  spreads  in  time  due  to  dispersion, 
its  fourier  transform  becomes  narrower.  This  is  displayed  in  Fig. 

(4.  5). 

As  the  averaged  plasma  frequency  is  changed,  the  packet  charac- 
teristics, are  also  observed  to  change.  The  speed  of  propagation,  fre- 
quency of  oscillation,  width  of  the  packet  and  the  normalized  amplitude 
increase  as  a function  of  f . Time  oscillograms  for  various  averaged 
plasma  frequencies  are  shown  in  Figure  (4.  6).  Figure  (4.  7)  shows  a 
plot  of  the  velocity  of  the  first  peak  of  the  wavepacket  as  a function  of 
plasma  frequency.  Two  different  methods  were  used  to  calculate  this 
velocity.  The  first  uses  the  fact  that  the  first  observed  disturbance 
corresponds  to  the  free  space  electromagnetic  radiation  travelling  at  the 
speed  of  light.  By  comparing  the  time  of  arrival  at  the  point  of  observa- 
tion, of  the  first  peak  of  the  wavepacket  with  respect  to  the  EM  signal, 
the  speed  of  propagation  is  obtained.  The  second  method  uses  the  time 
of  Eight  of  the  first  peak  between  two  points.  Also  plotted  in  Figure 
(4.7)  is  equation  (3- 34a).  As  was  pointed  out  in  section  3.4,  the  speed 
of  propagation  of  the  first  peak  is  given  by  v . The  experimental  values 
differ  from  the  theoretical  by  20%.  This  difference  lies  in  the  manner 
that  vq  was  obtained,  i.  e.  by  numerically  fitting  the  solution  of  the  dis- 
persion relation  to  equation  (3- 34a).  In  Equation  (3- 34a),  14  points  were 
used  to  determine  the  low  frequency  or  linear  slope  of  equation  (3- 34a), 
i-  e.  , vq.  If  fewer  points  are  used,  a large  vq  is  obtained  (see  equation 
(3- 34b)  for  example)  and  a better  approximation  to  the  propagation  speed. 
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For  receiver  positions  far  away  from  the  launcher,  i.e.,  at  large 
values  of  2,  the  far  field  solution,  equation  (3-54)  is  applicable.  This 
implies  that  the  observed  oscillograms  should  behave  as  Airy  functions 

Using  the  asymptotic  ap- 


of  argument  «■>  ( t - z/  vq)  / ( 3 a z/  b) 


1/3 


proximation  for  the  Airy  function,  the  solution  (3-54)  takes  the  form: 


1 I sin  [2/3  t'3/2  + n/4_  t>z/v 

Jn  (3eS>z 't') 1 ^ 


3 


whe  re  t ’ = (t  - z / v )/( laz  ')  ^ z ' s z / b 
p o 

the  zeros  of  the  above  equation  occur  at: 


l'  = (n  - 1/4)  2/ 3 fl  2/  3 ( 3 az')1''  3 


(4-1) 


These  values  can  be  directly  compared  to  the  properly  normalized  zeros 
of  the  observed  oscillograms.  In  Table  (4-1),  we  tabulate  the  zeros  ob- 
tained from  equation  (4-1)  and  from  two  different  oscillograms.  These 
are  also  plotted  in  Figure  (4-8).  If  instead  of  using  the  average  plasma 
frequency  as  measured  using  the  Cavity  method,  a plasma  frequency  is 
chosen  as  to  fit  the  nth  experimental  crossing  to  the  nth  theoretical 
crossing;  we  observe  that  all  other  (n-1)  crossings  fall  to  within  6w/o  of 
the  theoretically  predicted  values.  Larger  deviations  are  obtained  for 
the  n = 0 and  n = 1 crossings  where  the  asymptotic  expansion  does  not 


provide  an  accurate  representation.  The  value  of  ^ obtained  in  this 


fashion  is  20%  off  from  the  value  measured  by  the  Cavity  method.  The 
discrepancy  lies  in  the  fact  that,  the  Cavity  method  measures  the  aver- 
age plasma  frequency  of  a non  uniform  plasma  column,  whereas  the 
obtained  by  matching  the  nth  zero  is  obtained  from  a theory  that  assumes 
an  uniform  column.  The  plasma  frequency  thus  derived  corresponds  to 
a value  near  the  edge  of  the  non  uniform  column.  Thus,  we  have  de- 
veloped a method  for  measuring  the  plasma  frequency,  near  the  edge  of 
the  column,  from  the  zero  crossings  of  the  observed  time  oscillograms. 
It  has  a higher  resolution  than  the  Cavity  method  as  seen  from  Figs. 
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Parameters: 


able  4.  1 


Receiver  distance  (z)  = 

Column  Radius  (b)  = 

Normalized  dis-tance  (z')  = 
/ 

a = 

vq  (experimental)  = 


54.  37  5 cm 
. 66  cm 
32. 386 
1. 48887 

3.895x10^  cm/ sec. 


f 

P 


(from  cavity) 


= . 9 GHz 


Zero  crossing  (n) 

t' 

Experimental  t' 
(o„  measured 
using  cavity) 

Experimental  t' 

(u_  chosen  so  as  to 
' fi*t  nth  zero  crossing) 

(a) 

(b) 

0 

9. 14898 

12.  16 

9.  623 

9.  3 

1 

19.02 

28.  16 

22.  28 

22.7 

0 

L* 

33.  43 

43. 34 

34.  33 

34.  99 

3 

45.  19 

57.  1 1 

* 45.  19 

46.  0 

4 

55 . 56 

69.  33 

54.  85 

55.  o 

5 

65. 020 

80. 

63.  30 

64. 528 

6 

74.  01 

90.  65 

71.71 

73.  10 

7 

82. 3131 

102. 07 

80.  75 

* 32. 3131 

8 

90. 2908 

111. 23 

88. 

89.7 

9 

97.899 

121.1 

95.  82 

97 . 68 

10 

105. 1395 

1 

130.293 

103. 08 

105.06 

1 1 

112.28 

139. 4490 

110. 32 

112. 45 

| 119. 158 

148. 55 

1 17. 52 

119.79 

125.821 

156. 187 

123. 56 

125  9 

nth  zero  matched 


f 

‘P 


corresponding  to  column 


(a)  = .712GHz 

(b)  = . 725  GHz 
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(4.3).  The  average  plasma  frequency  as  measured  by  the  Cavity  was 
.9  GHz  for  both  oscillograms,  whereas  due  to  small  background  pres- 
sure change,  the  number  density  had  drifted  slightly  causing  a change 
in  the  propagation  characteristics  of  the  wavepacket.  The  drift  cor- 
responded to  a 5%  change  which  was  not  detected  by  the  Cavity. 

Qualitatively,  the  behavior  of  the  envelope  of  the  observed  oscillo- 
grams is  as  predicted  by  equation  (3-54).  However,  quantitatively,  the 
rates  of  decay  of  the  envelopes  do  not  agree.  In  Figure  (4-9),  we  dis- 
play the  envelope  amplitude  as  a function  of  time.  Two  rates  of  decay 
are  observed.  For  rates  just  to  the  right  of  the  maximum  amplitude, 
the  decay  goes  as  t , whereas  for  large  times  the  rate  goes  as  t"  . 
The  asymptotic  result  of  equation  (3-54)  predicts  an  uniform  decay  rate 

mm  ^ f 

of  t . To  account  for  the  difference,  two  fundamental  assumntions 

made  in  the  derivation  of  the  theory  must  be  modified  if  a Quantitative 
description  of  the  amplitude  is  desired.  First,  in  the  desivation  of  the 
collision  term,  the  deDendence  of  (c  , v ■_  ) on  freouency  was  neglected 

Qt  Ot  * ' 3 

in  order  to  get  at  analytical  results.  Secondly,  sheath  effects  which  in- 
troduce strong  landau  dampling  of  the  slow  waves  at  high  frequency 
must  be  included  in  the  theory.  The  high  attenuation  (-—  t'1)  observed 
for  the  high  frequencies  is  an  indications  that  this  mechanism  may  be 
present. 

The  last  parameter  considered  was  tube  radius.  Figures  4- 10a 
and  4- 10b  display  recordings  in  time  and  space  obtained  using  a tube  of 
radius  . 32  5 cm.  The  behavior  of  the  packet  is  as  predicted  by  the  theory 
of  chapter  III  with  the  proper  value  of  radius  b.  A large  discrepancy 
is  noted  (see  Fig.  4-11)  between  the  zero  crossings  of  the  observed 
oscillations  normalized  to  the  Cavity  measured  plasma  freouency  and 
those  computed  from  equation  4-1.  Also  shown  in  Fig.  4-11  are  the 
crossings  computed  by  normalizing  the  experimental  nth  crossing  to  the 
corresponding  theoretical  value.  The  large  difference  for  this  tube  be- 
tween the  Cavity  measured  u and  the  nth  crossing  computed*)  is  con- 

P p 

sistent  with  the  previous  explanation  given  for  this  difference.  It  lies  in 
the  tact  that  the  small  column  has  a stronger  transverse  inhomogeneity 
in  the  number  density  than  the  larger  tube. 
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.79  GHz 


27  cm. 


iz,  4.10  Oscillograms  for  diiferart  plasma  frequencies 


4.  1.  2 Nonlinear  Regimes 

As  the  amplitude  o£  the  initial  pulse  increases,  nonlinear  effects 
start  to  play  a role.  Experiments  in  this  regime  were  carried  out  using 
peak  field  strengths  greater  than  600  volts/ cm,  at  the  launching  plates. 

It  is  important  to  note  that  for  all  experiments  (both  zero  and  finite  mag- 
netic fields),  the  signals  observed  in  the  oscilloscope  are  normalized  so 
that  if  the  response  were  linear,  the  observed  oscillogram  as  a function 
of  input  pulse  strength  will  coincide.  This  is  accomplished  by  keeping 
the  total  attenuation,  in  the  path  the  signal  travel,  constant.  Thus  to  go 
from  the  linear  to  the  nonlinear  regime,  the  attenuation  is  transferred 
from  the  input  of  the  launching  plates  to  the  input  of  the  oscilloscope.  In 
this  fashion,  effects  that  are  clearly  amplitude  dependent  are  identified. 

In  Figure  4-12,  the  profile  in  time  of  the  wavepacket  is  shown  as 
a function  of  input  pulse  amplitude.  The  positive  pulse  was  used  as  the 
source.  Qualitatively,  these  diagrams  are  similar,  although  quantita  - 
tively  thev  differ  in  the  law  governing  the  decrease  of  the  amplitude  in 
time  and  in  space.  Moreover,  the  characteristics  of  the  first  two 
oscillations  have  changed.  Note  that  the  maximum  normalized  ampli- 
tude of  the  nonlinear  response  is  less  than  for  the  linear  case,  implying 
that  the  surface  wavepacket  has  reached  saturation.  In  Figures  4-13  and 
4-14,  the  behavior  of  the  amplitude  as  a function  of  space  and  time  for 
the  linear  and  nonlinear  cases  are  displayed.  The  slower  decay  rate  ob- 
served for  the  non  linear  case  is  explained  from  the  dynamics  of  the  pro- 
pagation as  described  by  the  model  developed  in  section  3.  3.  For  posi- 
tive pulse,  E ^ (0,  t) | Ep(0,  t)  |,  where  E?  is  the  pulse  field  strength. 

Thus  for  any  value  of  <r , the  solution  of  the  K de  V equation  is  always 

oscillatorv  and  the  character  of  the  solution  is  very  similar  to  the  linear 
f 42  1 

result.  L J A physical  understanding  of  the  processes  taking  part  in 
the  oropagation  of  the  high  amplitude  pulse  may  be  gained  from  the 
fourier  transform  of  the  observed  oscillograms  as  a function  of  plasma 
frequency  and  receiver  location.  In  Figure  4-15,  we  display  side  by 
side  the  nonlinear  response,  and  the  corresponding  power  spectrum 
as  a function  of  plasma  frequency.  In  Figure  4-16,  the  plasma  frequency 
is  keot  constant  and  the  recordings  are  shown  for  3 different  positions. 

These  diagrams  show  the  channeling  of  energy  from  the  lower  fre- 
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quencies  to  the  higher  frequencies  which  in  turn  are  strongly  attenuated  as 
explained  in  section  3-3.  This  accounts  for  the  saturation  phenomena  ob- 
served. Note  that  the  region  of  interaction  (inflection  point  retion  in  nega- 
tive slope  side  of  the  power  spectrun)  is  a function  of  the  time  of  interaction 
between  the  different  frequency  components  of  the  packet.  For  a fixed 
receiver  position  as  the  plasma  frequency  is  decreased,  the  packet 
velocity  decreases  thus  increasing  the  interaction  time.  Similarly,  for 
a fixed  plasma  frequency,  the  further  away  from  the  launcher  the  more 
time  the  components  had  to  interact.  This  phenomena  causes  the  in- 
flection point  in  the  power  spectrum  to  move  toward  lower  frequencies. 

The  effects  described  above  were  not  observed  when  the  negative 
pulse  was  used  as  the  exciter.  Even  though  for  this  polarity  Equation 
3-48  predicts  quantitatively  different  results,  the  maximum  amplitude 
available  at  the  plates  and  the  width  of  the  pulse  were  such  that  <r  is  al- 
ways much,  much  less  than  o^.  Figure  4-17  shows  the  plasma  resoonse 

for  the  maximum' pulse  strength  available  with  the  negative  generator. 

Also  shown  is  the  power  spectrum  of  the  response.  As  can  be  seen  from 
the  diagrams,  nonlinear  effects  were  not  observed  using  this  excitation 
as  expected  from  the  values  of  the  nonlinear  parameter  for  this  pulse. 

4.  2 Finite  Axial  Magnetic  Field 
4.  2.  1 Linear  Regime 

Since  all  experimental  "idiosyncrasis " have  already  been  discussed. 

In  this  and  the  following  subsection  we  need  only  present  the  results. 

Pulse  amplitudes  corresponding  to  field  strengths  of  61  Volts /cm  were 
used  to  excite  the  linear  3ulk  Waves.  The  pertinent  parameters  for  this 
series  of  experiments  were  the  plasma  frequencies  and  axial  field  strength. 
In  figure  4.  18,  we  display  time  oscillograms,  recorded  48  cm  away  from 
the  launcher,  as  a function  of  plasma  frequency  with  3o  fixed  and  in  Fig. 

4.  19  as  a function  of  axial  field  strength  (with  plasma  frequency  fixed). 
Again,  the  region  marked  with  an  A in  these  oscillograms,  corres- 
pond to  electromagnetic  radiation  that  will  still  be  observed  if  the  plasma 
were  not  present.  From  these  diagrams,  we  compute  characteristic 
parameters  that  describe  the  propagating  wave  packet  and  compare  them 
with  the  theoretical  values  obtained  from  equation  (3.  54). 
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When  the  DC  axial  magnetic  field  is  applied,  the  wavepackets 
are  observed  to  be  noisier  than  for  the  :ero  field  case  (compare  the 
oscillograms  in  figure  4- 18  to  figure  4-2  for  example).  Therefore 
care  must  be  exercised  in  processing  the  data.  To  calculate  zero 
crossings  and  to  digitalize,  the  waveforms  are  retraced  so  as  to 
smooth  out  the  jitters.  In  fig.  4-20,  the  zero  crossings  of  the  experi- 
mental wavepacket  are  compared  to  those  of  equation  3-54.  For  this 

case,  choosing  the  values  of  -j  and  -j  so  that  one  theoretical  zero- 
’ = pc 

crossing  is  matched  with  the  corresponding  experimental  value,  all 
other  crossings  are  matched  to  within  10%  of  each  other.  The 
chosen  value  of  up  is  within  20%  of  that  measured  by  the  cavity  and 
u>  is  within  8%  of  that  measured  using  a Gauss  meter.  Another 
characteristic  of  the  wavepacket  is  the  velocity  of  the  first  peak. 

Fig.  4-21  shows  the  behavior  of  this  velocity  as  a function  of  plasma 
and  cyclotron  frequencies.  The  behavior  is  as  predicted  by  the  theoret- 
ical model  (see  Fig.  3.  3 ).  The  quantitative  dependance  of  amplitude 
vs.  time  was  not  determined  qualitatively  however,  the  waveforms 
behave  as  expected  from  eq.  3-54. 

For  this  regime,  the  experiments  compared  quite  favorably  to 
the  linear  theory. 

4.  2.  2 Nonlinear  Regime 

As  the  input  electric  field  is  increased  from  61  volts /cm,  gross 
nonlinear  phenomena  begin  to  occur.  From  figure  4-22,  one  observes 
that  signals  arrive  sooner  than  the  linear  waves  and  considerable 
modification  of  the  original  wavepacket  begins  to  take  place.  Close 
examination  of  the  lower  trace,  for  which  the  exciting  pulse  is  largest, 
show  what  appear  to  be  superposition  of  two  wavepackets.  Note  the 
discontinuity  in  phase  between  oscillations.  That  this  indeed  is  so 
can  be  seen  from  the  Fourier  transform  of  the  oscillogram.  The 
spectral  amplitude  and  phase  for  each  waveform  in  figure  4-22  is 
shown  in  figures  4-23  to  4-26.  At  linear  levels  (figure  4-23),  only 
one  peak  (C)  is  shown  corresponding  to  the  wavepacket  of  figure  4- 22a. 
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At  higher  amplitude  two  distinct  phenomena  occurred  (figures 
4-24  to  4-26).  First  is  the  appearance  of  a low  frequency  peak  at 
f = . 14  GHz  (A),  and  second  is  the  splitting  of  the  original  peak  (C) 
into  two  ((B)  and  (G ) ) . Recalling  the  technique  used  in  obtaining  these 
oscillograms  (loop  gain  constant)  it  is  evident  that  these  changes  are 
due  to  nonlinear  phenomena.  Moreover,  the  possibility  of  these  peak 
being  higher  order  modes  was  ruled  out  by  the  fact  that  .the  group 
delay  for  these  modes  is  much  greater  than  for  the  lowest  order  mode 
(see  equation  3-37). 

From  this  figure  , the  amplitude  of  peak  A is  observed  to  in- 
crease very  rapidly  as  the  input  level  is  increased.  The  frequency 
shift  is  negligible.  No  further  analysis  has  been  made  of  this  packet 
but  it  is  suspected  that  it  belongs  to  the  class  of  solitary  waves. 

The  main  concern  is  with  the  splitting  of  the  packet  (C).  As  the 
input  level  is  increased,  there  is  a shift  to  higher  frequencies  of  the 
original  peak.  A gradual  appearance  of  another  peak  B at  the  low 
frequency  side  indicates  another  wavepacket.  From  the  slopes  of  the 
phase  at  these  two  peaks  the  difference  in  group  velocity  has  been 
calculated.  The  higher  frequency  packet  (C)  was  found  to  have  a longer 
delay  and  hence  a lower  velocity.  According  to  the  modulation  theory, 
the  difference  between  the  time  of  arrival  is  proportional  to  the 
amplitude  (see  section  3.  3).  This  is  clearly  shown  in  figure  4-27; 
moreover  the  observation  that  the  higher  frequency  wavepacket 
travels  at  a lower  velocity  is  also  in  agreement  with  the  modulation 
theory  results. 

Since  there  is  no  absolute  measure  of  the  field  strengths  in  the 
plasma,  a quantitative  comparison  of  this  velocity  difference  between 
theory  and  experiment  is  not  possible.  But  from  the  measured  time 
difference  and  the  group  velocity  of  the  wave,  we  can  calculate  the 
required  field  amplitude.  From  equation  3-63  , to  achieve  the 
largest  observed  separation  of  3.  4 ns  over  a distance  of  56  cm,  the 
wave  amplitude  of  the  wavepacket  required  is  about  50  v/cm.  This 
field  represents  a total  energy  of  about  1.  3x10  joules  in  the  wave- 
packet.  The  energy  contained  in  the  exciting  electric  field  impulse  is 
about  3x10  3 joules.  Since  most  of  the  energy  of  the  impulse  goes 
into  the  dummy  load  and  radiated  to  outside  the  parallel  plate  structure, 
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it  is  of  interest  to  estimate  the  coupling  efficiency,  i.  e.  how  much 
energy  can  be  coupled  into  the  plasma.  As  a rough  upper  bound 
estimate,  assume  that  when  the  impulse  field  arrives  at  the  plasma 
tube,  the  2kV/cm  field  is  applied  to  all  electrons  in  the  region  between 
the  plates  during  the  pulse  duration  (At=  0.4  ns),  and  each  electron 
would  gain  a momentum  of  eEAt.  The  total  kinnetic  energy  gained  by 
all  electrons  in  the  region  in  this  way  is  of  the  order  of  9xl0-7  joules. 
Comparing  the  orders  of  magnitude  of  the  three  energy  levels,  the 
50  v/cm  field  required  to  produce  the  measured  separation  of  the 
wavepackets  is  certainly  reasonable  for  the  experimental  setup  used. 
The  modulational  splitting  of  the  wavepacket  has  been  observed. 
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III- 5.  Concluding  Remarks 


In  the  foregoing,  we  have  described  an  experimental  and  theoretical 
investigation  ox  the  propagation  of  finite  amplitude  slow  waves  excited  by- 
high  amplitude  baseband  pulses.  The  subject  of  symmetric  slow  mode 
propagation  has  been  incorporated  into  the  framework  of  nonlinear  dis- 
persive waves.  Theoretically,  it  has  been  shown  that  for  typical  experi- 
mental conditions  (i.e.  , = 0,  » w^),  the  propagation  of  the 

symmetric  slow  mode  is  described  by  the  Kortewig  de  Vries  equation,  with 
the  magnitude  and  sign  of  the  various  coefficients  of  the  KdeV  equation 
being  different  in  the  various  regimes  considered.  This  implies  that 
given  equal  initial  conditions,  different  effects  in  the  propagation  mode 
will  be  observed.  The  close  interplay  between  theory  and  experiment  leads 
to  a good  understanding  of  the  experimental  results.  Although  linear 
experiments  on  the  propagation  of  this  mode  have  previously  been  done/^ 
far  better  resolution  has  been  obtained  here.  To  our  knowledge,  neither 
the  experimental  nor  theoretical  results  of  the  nonlinear  problem  have  been 
previously  reported. 

There  are  two  areas  which  need  further  investigation.  The  results 
of  that  investigation  will  further  substantiate  the  theory  developed  here 
and  will  aid  in  the  experimental  verification  of  the  general  theoretical 
results  obtained  for  non -stationary  waves  propagating  in  accordance  with 
the  KdeV  equation 


First,  as  mentioned  in  Section  4.  3.  3,  the  nature  of  the  initial  peak 
in  the  frequency  spectrum  has  not  been  determined  and  second,  nonlinear 
experiments  where  the  polarity  of  the  exciting  pulse  is  negative  must  still 
be  performed.  We  will  not  consider  the  first  area  further  and  instead 
comment  only  on  the  second  problem.  The  first  implication  of  reversing 
the  polarity  is  that,  theoretically,  the  phenomena  observed  for  the  weak 
field  case  should  now  occur  for  the  zero  magnetic  field  case  and  vice  versa. 
This  is  a consequence  of  the  sign  of  the  nonlinear  term  in  equations  (3-47) 
and  (3-48). 


In  conclusion,  it  must  be  noted  that  in  order  to  experimentally 
obtain  a wider  range  of  parameters,  the  experiment  as  described  should 
be  modified  in  two  ways:  the  duration  of  the  pulse  should  be  increased, 
and  the  cathode  arrangement  changed.  Increasing  the  pulse  duration 
enhances  the  nonlinear  effects  (see  equations(3 -57)  and  (3-58)),  whereas 
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changing  the  cathode,  to  a flat  cathode  for  instance,  will  eliminate  the 
rotational  instability  of  the  column,  observed  at  high  magnetic  fields. 
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Ill-  6'.  Appendices 

6.  1 Formal  derivation  of  operators 

Equation  (3 -1C)  may  be  written  approximately  up  to  second 
order  in  the  field  variables  as: 


u 


= u(1>+u(2) 


where. 


and 


( 1 ) (2)  / 1 \ 
md  u + mi/  u = - en  E - eu  u ' x H 
t—  c—  o-  o—  -o 


mdtu  + mi/cu  = - jp-  7.  u ^u  ^ - en  E 


Formally  solving  (6-2)  and  (6-3), 


(6-1) 


(6-2) 


(2) 

- eu  u ' ;x  H 
o — — o 


(1) 


- 1 


uv*  - - (md.^  1 - euQHo  x ] + mi/,1)**  enQE 


(6-3) 


(6-4) 


u(2)  = - (mdy  - euoHQx_l  -t-mr.J)"1  [■—■  7.  u(1)u  (i)  + enE  ] (6-5) 


Defining  the  inverse  operator: 


n (dt,  H0>  vj  = (md^l  - e(iQHo  x 1 1 )’  : enQ 

the  total  current  from  (6-1)=  (6-4)-(6-6)  and  (3-13)  is  given  by: 

e 


u = - n { e + 7.  it  Et  e 


n e 
o 


o _ _ „ 

TT-  - / • -c*  / 
en  — — 

o 


(6-6) 


(6-7) 


which  is  used  to  arrive  at  equations  (3-15). 

Defining  the  time  Fourier  transform  of  a field  variable  as: 


f(r,t)=  ff(r,*)e~iut 
-x 

Applying  the  above  to  equations  (6-6)  and  (6-7),  we  obtain: 
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where  m*a  m(  1 + 1V,/ w ) 


and  for  any  two  vectors  F(G,t)  and  G(Q  , t), 

/ F to  jCkj  9dX  = f F(  r,  cj  ^)  G(r  , u)  2.16(‘u  -'-J  ^ -w  9)dw  ^doj  9 

Using  (6-8)  and  (6-9),  the  transform  of  L in  equation  ( 3 - 1 6 ) is  given  by 


L ( - i« , 7^  -*■  i 


+—  n(w,H  ,v  )] 
e w * o c J 

Vtxl 

o 

- Vi 
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6.  2 Evaluation  of  the  eigenvectors 


The  eigenvalue  equation  ( 3 - 1 9 ) may  be  expressed  solely  in  terms 

(40) 


of  the  transverse  components  of as 
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and  the  longitudinal  field  components  may  be  obtained  from  the  trans- 
verse comDonents  via: 


(i«€  ,c  ) 
o o 


-1 


x z 


H 


(6- 1: 


-(iwM0)_1  7txz.0 


Note  that  since  the  operator  takes  different  forms  in  the  range 

0 < p < oo,  likewise  «,■  ’s  will  have  different  representations. 

In  general,  the  total  field  corresponding  to  E and  H will 

(40)  ~ t ~“t 

have  both  E and  H components.  This  implies  that  no 

z z 

TE  or  TM  mode  representation  is  possible;  therefore  a complete  set 

of  modes  must  be  composed  of  TE  and  TM  modes.  In  the  following 

analysis,  we  will  restrict  to  the  cases:  a)  zero  static  magnetic  field, 

b)  infinitely  large  magnetic  field  and  c)  weak  magnetic  fields,  i.  e. 

u>  <u>  , and  the  column  is  surrounded  by  a perfect  condition.  The 

te  pe 

first  two  cases  result  in  substantial  simplification  in  the  form  of  the 

eigenvectors  and  eigenvalues.  For  these  cases,  Eqs.  (2-3)  can  be 

satisfied  with  either  E or  H equal  to  zero.  This  implies  that 

<*z  az 

two  independent  solutions  are  possible.  Since  neither  the  nonlinearity 
nor  the  boundary  couple  the  two  solutions  and  since  initially  only  E 
modes  are  generated  by  the  electric  current  source,  only  these  will 
be  considered  in  the  field  representation.  For  the  low  magnetic  field 
case,  we  make  the  assumption  that  the  waves  are  slow  and,  therefore, 
are  primarily  TM  type,  i.  e.  , the  actual  field  eigenvectors  are  approx- 
imated by  quasistatic  eigenvectors. 

An  implicit  assumption,  when  representing  the  total  fields  as  a 
superposition  of  modal  fields,  is  that  the  modal  set  (or  eigenvectors) 
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is  complete,  i.  e.  , they  form  a basis  in  terms  of  which  any  arbitrary 

vector  mav  be  represented.  A statement  of  completeness  may  be 

- „ (40) 

expressed  as  follows: 


E^(Q,)  Via  {-}  = i 5(n 

*.  a.  — 


(6-13) 


The  sumation  in  (6-13)  is  to  be  interpreted  as  an  integral  for  the  case 
of  continuous  spectrum  and  as  a sum  for  the  discrete  spectrum.  A 
direct  procedure  for  determining  the  spectrum  utilizes  the  character- 
istic Green's  function  for  E modes.  The  properties  of  the 

Green's  function  in  the  complex  Ka  plane  are  investigated;  and  from 
pole  and  branch  singularities,  which  contribute  to  the  integral  of 
Green's  function  along  a suitable  contour  in  the  complex  Ka  plane, 
the  eigenvectors  are  obtained.  In  this  case,  the  question  of  complete- 
ness is  assured  although  normalization  as  in  (3- 19a)  is  not.  This 
procedure  will  be  used  subsequently  for  the  determination  of  the  mode 
.vectors  of  the  zero  axial  magnetic  field  case. 

For  the  other  two  cases,  we  proceed  directly  to  obtain  that  part 
of  the  spectrum  associated  with  guided  waves. 

6.  2.  1 Eigenvectors  for  zero  magnetic  field 

When  H is  zero,  then  tensor  € degenerates  into  a scalar 
~o  = , 2 

quantity.  In  the  plasma  region,  e — 1(1 — ) . Since  for  an  E 

mode  . z q x E^  = 0,  we  have  (from  equation  (6-10)  for  the  scalar 
Green's  function: (40) 


g _ 


+ eg  = - 6 ( ,o - p 1 ) 


(6-14) 


where 


2 2 , 2 
k = « e - eK 
t . rO  0 or 


K ~ u U e - K 
19  ° ° * 


o < b 


o < b 


I 


Boundary  conditions  for  g may  be  obtained  from  (6-14),  since  it  is 
valid  for  all  p.  By  integrating  across  p = b and  p = p:,  we  have 
the  conditions: 


1 ) g is  continuous  at  p = b and  p = p1 


2) 


— vtg 


= - 1 


(6-15) 


3) 


c „ 


1 ^ 


= 0 


for  a symmetric  source  of  electric  current  located  at  p = b+,  the 
solution  to  (6-14)  satisfying  (6-1 5)  is: 


•J  (k  b)  J (k  p) 


-1 
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o < b 


g 3 


(6-16) 


-J-(K  b)  H (k  b)  H (AC  p) 
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(6-17) 


and  Jq_,  Hq,  are  Bessel  functions  of  the  first  and  second  kind, 
respectively. 

The  spectral  representation  in  (6-13)  may  now  be  obtained  by 
integrating  the  scalar  Greens  function  along  a contour  that  encloses  all 
singularities  of  g.  The  desired  relationship  is  given  by1”^: 


I * (*,  .<>><£  (Vp)  = !7T$  g(p.p';  < )d« 

a or  i xi  C a a 
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(6-13) 


J (x  b)  H(x  b)H(x  p)d* 
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0 12 


the  transverse  component  of  is  obtained  from  <t> ^ using  , 


E = - — — 

°t  <jX 

H 0 


p < b 
p > b 


(6-19) 


The  integrand  in  (6-18)  is  analytic  everywhere  except  for  a finite 

number  of  poles  and  branch  points.  For  real  x , only  a single  pole 

exists  at  ^ = 0;  the  branch  point  corresponds  to  x = 0 for  which 
, * x? 

x = + oj  v M-  € • The  cole  contribution  gives  ris"e  to  a guided  surface 

<2—00  ® 

mode,  while  the  branch  cut  contribution  gives  rise  to  a radiation  field.  •’ 
For  the  excitation  problem  both  contributions  must  be  included, 
specially  at  the  source.  In  the  far  field  we  only  consider  the  guided 
wave,  but  as  observed  in  Chapter  III;  we  do  not  know  the  absolute  field 
strength  of  the  guided  mode  since  we  neglect  to  include  the  amount  of 
energy  extracted  from  the  source  by  the  other  mode  types.  For  guided 


modes,  x = i |x 
guided  moies:  ^ 


x = l lx 
12  ' x 2 


IU  p) 
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x 
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and  from  (6-13),  we  have  for  the 


p < b 


I (x  b)  K (x  p) 


w -1 

K (x  b) 
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with  given  by: 
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From  (6-19)  the  transverse  field  components  are  given  by: 
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(6-20) 


(6-21) 


(6-22) 


Even  though  the  potential  functions  are  orthonormal;  the  transverse 
components  of  the  eigenvector  do  not  satisfy  condition  (3- 19a).  Proper 
normalization  is  introduced  by  defining  a normalization  factor  as  follows: 
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the  above  can  be  rewritten  as: 
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where 
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(6-24)  is  evaluated  explicitly  by  using  the  formulae 
b o 2 


(47). 
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the  characteristic  equation  (6-20),  and  the  approximate  dispersion 

equation  (3-15).  In  the  region  k.  b < 1 , we  can  expand  the  Bessel 

J- 1 

functions  in  the  small  argument  regime  and  obtain: 


, 2 2 

, 2 u v, 
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u 


where 


(6-25) 


2 2 
* v 
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with  vq  given  by  (3-34) 


and  C = speed  of  light. 

The  longitudinal  component  of  the  eigenvector  as  defined  in  (3-22)  is 
obtained  from  (6-23),  (6-21)  and  (6-12). 

6.  2.  2 Eigenvectors  for  large  Magnetic  fields 

In  the  limit  of  large  magnetization,  i.  e.  , u>  J u » 1 uc»uJo; 
transverse  electron  motion  is  effectively  inhibited  and  the  plasma  be- 
comes non-gyrotropic.  The  tensor  e in  equation  (6-10)  for  p < b 
reduced  to: 


0 
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0 
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The  guided  eigenvector  components  may  be  obtained  from  a 
potential  6 as: 


and 
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where  6 obeys  the  equation: 
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(6-26a) 


( 6 - 26b ) 


(6-27) 

(6-28) 


(6-29) 


equation  (6-27)  is  solved  subject  to  two  different  boundary  conditions: 
1)  column  surrounded  by  a perfect  conductor  and  2)  column  in  free 
space. 

1)  for  a perfect  conducting  boundary  the  solution  with  proper 
behavior  at  p = 0 and  p = b is  : 


<P=  A J U P ) 
0 M 


(6-30) 


with  k b = p^  . where 
Using  (6^-26)  and  (6-12), 


p is  the  n zero  of  the  Bessel  function  J . 
n o 

the  eigenvector  components  are  given  by: 
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the  normalization  constant  is  determined  from  the  orthonormalitv 


condition  (3-19a): 
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for  < real  , we  have 
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If  the  a index  is  separated  into  two  indecis:  m = mode  type  , 
n = mode  in  mode  type;  we  have: 

4»  •*  i since  onlv  E modes  are  considered. 

a mn  n 7 

2)  Column  in  free  space 

The  solution  (6-30)  of  (6-Z3)  is  still  valid  in  the  region 
p < b,  the  plasma  region.  For  p > b.  the  solution  that  satisfies 
boundary  conditions  at  p = b and  appropriate  to  the  discrete  spectrum 
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(6-31) 


where  < and  k.  are  real  and  given  bv  (see  6-29) 
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and  the  boundary  characteristic  equation 
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from  (6-30),  (6-31)  and  (6-26);  the  field  components  of  the  eigenvector 
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in  the  regime  v ■ / u « 1 , 
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using  above,  we  can  expand  the  collision  coefficient  as  in  (3-21) 
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The  integrals  in  the  bracket  are  evaluated  using  the  formulae 
in  section  6.  2.  After  approximating  in  < b < 1 region: 

iAvc  « fe2li‘«.1'*> 

Y<“’  = (u2f,c2)  2“^  <2 

c a 

using  the  expression  for  p from  6.  2 ana  the  linear  approximation  for 

k i.  e.  i k.  - i 
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for  v /u  < 1 , 
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(6-35) 
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for  p < b. 
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(6-3  3b) 


(6-3  3c) 


for  p > b,  solution  (6-31)  holds.  The  normalization  constant  A'  is 
obtained  via  (3- 19a)  as  follows: 
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evaluating  the  integral  as  in  (6-24);  the  approximate  value  for  the 
normalization  constant  is: 

k , 


A' 


A 2 


a bJ  (k  b) 
P o J.1 


(6-34) 


the  desired  eigenvector  is  given  by  (6-31),  (6-33)  and  (6-34). 


6.  3 Explicit  evaluation  of  nonlinear  and  collision  operators 

Using  the  eigenvectors  derived  in  the  previous  section  and  the 
approximate  dispersion  relations  presented  in  section  3.  2,  we  can 
explicitly  evaluate  the  collision  and  nonlinear  operators  in  equation 
(3-28). 

6.  3.  1 Zero  Magnetic  field 

When  Hq  = 0,  the  operator  'J_  in  equation  (3-21)  takes  the  form: 
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the  above  equation  is  the  same  equation  obtained  by  Trivelpiece  et  al 
3 K 


since 


du 


- v ior  w « u • 
o p 


Neglecting  the  effects  of  collisions,  the  nonlinear  term  in  equation 
(2-21)  is  expanded  as: 
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where  E^  is  the  eigenvector  associated  with  the  amplitude  •-(^(.z , tn).  In 
order  to  simplify  the  above  equation,  we  expand  £<^(z,  u ,)  8^  ^(z , u up  to 
second  order  as: 


^a(z-ul)az^(z*u2)  s<?a(**ul)  i\,(u2)*a(z*U2) 


(6-36) 


Using  this  expansion,  the  first  square  bracket  term  becomes  zero 
while  the  second  is  expanded  to: 
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putting  in  for  the  eigenvector  components  from  section  6-2  we  obtain 


equation  (3-29). 

Putting  in  for  j3  from  section  6.  2 and  letting  I,  (k  p ) - \ k.  p 
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where 
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and  for  < (tx)  the  linear  contribution  has  been  used.  Similarly  the  con- 
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tribution  due  to  u is  evaluated 
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letting  I,  - — - — I and  expanding  I to  first  order  (for  < b < 1 ), 
=’12o  r o j, 

L 

the  integrals  in  (6-39)  can  be  readily  evaluated.  Combining  the  result 
with  equation  (6-38),  we  arrive  at  equation  (3-39). 

6.  3.  2 Infinite  Magnetic  field. 

When  the  magnetic  field  is  large,  the  nonlinear  term  in  equation 
( 3-21)  reduces  to: 
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In  the  above  derivation,  it  is  assumed  that  u < u , so  that  the  linear 
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portion  oi  tne  dispersion  equation  gives  the  maximum  contribution  to 


The  collision  term  takes  the  form  (for  v / u < 1), 
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putting  in  for  the  longitudinal  component  of  the  eigenvector, 
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Again,  the  above  form  applies  for  both  column  in  free  space  and  column 
surrounded  by  conductor.  Using  (6-42),  the  collision  coefficient  when 
the  column  is  surrounded  by  a perfect  conductor  is. 
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for  v^/u  < 1 


and  again  we  have  assumed  that  u < u , so  that  the  major  contribution 

Q 

to  k arises  from,  the  linear  term. 
a 

Similarly,  for  the  column  in  free  space: 
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6.  3.  3 Weak  Magnetic  field. 

To  obtain  the  Kernel  given  in  (3-30);  the  nonlinear  term  in 

equation  (2-21)  is  expanded  in  component  form,  and  consistent  with  the 

slow  mode  assumption,  we  only  retain  the  term  arising  from  the  coupling 

of  the  longitudinal  electric  field.  For  u < u < w , this  term  is  given 
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Using  the  expression  for  the  z component  of  the  eigenvector  (from  6.  2.  3) 
to  exolicitlv  write  the  inner  oroduct: 
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Putting  in  for  the  normalization,  coefficient  A(u)  and  proceeding  as  in 
6.  3.  2 , we  arrive  at  the  final  form  (3-44). 


REFERENCES 

1.  W.  B.  Kunkel,  "Plasma  Physics  in  Theory  and  Applications,  " 
McGraw  Kill  (1966). 

2.  V.  L.  Ginzburg,  "Propagation  of  Electromagnetic  Waves  in  Plasma" 
Gordon  and  Breach  (I960). 

3.  T.  K.  Stix,  "The  Theory  of  Plasma  Waves,"  McGraw  - Hill  (1962). 

4.  V.N.  Tsytovich,  "Nonlinear  Effects  in  Plasma, " Plenum  Press 
(1970). 

5.  R.  C.  Davidson  "Methods  in  Nonlinear  Plasma  Theory,  " Academic 
(1972). 

6*  F.  ninaudi,  R.  N.  Sudan,  "A  Review  of  the  Nonlinear  Theory  of 
Plasma  Oscillations,  " Plasma  Phys.  11,  pp.  359-  389  (1969). 

7.  Y.  Akao  and  Y.  Ida,  "Electron  Density  Measurements  of  a Plasma 
Column  by  Surface  Wave  Resonances"  J.  Aoplied  Physics  Vol  35 
pp.  2565-2570,(196  4 ).  ' 

3.  A.  T rivelpiece  and  R.  W.  Gould,  "Space  Charge  Waves  in  Cylindri- 
cal Plasma  Columns,  " J.  Aotjlied  Phvs,  Vol  30  po.  1734-179  3 
(1959).  ' 

9.  M.  A.  Heald  and  C.  B.  Wharton,  "Plasma  Diagnostics  with  Micro- 
Waves,  " John  Wiley  & Sons  (1965). 

10,  V.  M.  Ristic,  S.  A.  Self  and  F.  W.  Crawford 
J.  Applied  Phys.  40  pp.  52-44,  (1969). 


11.  R.  J.  Briggs,  "Electron-Stream  Interaction  with  Plasmas,  " MIT 
Pres s (1 964  ). 

12.  A.  V.  Longinov,  "Excitation  of  Electromagnetic  Waves  in  a Plasma 
by  Longitudinal  Electric  Fields"  Soviet  Phvsics  - Technical  Phvsics 
Vol.  17,  pp.  1273-1232,  (1973). 

13.  P.  J.  Barrett,  H.  G.  Jones  and  R.  N.  Franklin,  "Dispersion  of 
Electron  Plasma  Waves"  Plasma  Physics  Vol.  10,  po.  911-918, 
(1963). 

14.  B.  B.  O'Brien  Jr.,  "Slow  Wave:  Transmission  Modes  of  an  Isotropic 
Inhomogeneous  Cylindrical  Hot  Plasma.  " Plasma  Physics  Vol.  Q, 
pp.  369-400,  (1  967). 

15.  C.  N.  Lashmore  - Davies,  "Theory  of  High  Frequency  Electrostatic 
Waves  in  a Non-Uniform  Plasma  in  the  presence  of  Magnetic  Fieid,  " 
Plasma  Physics,  Vol.  11pp.  271-284,(1969). 


>d  X 


o F*  AjJis,  S,  J a Buchsbaum  and  A.  Ee rs 5 >V  avss  in  Anisot^oom 
Plasma"  MIT  Press.,  (196  3).  ’ ' 

P.  A.  Sturrock,  "Nonlinear  Effects  in  Electron  Plasma.  " Froc. 

Roy.  Soc.,  A242:277  (1957). 

L.  A.  Turlock,  C.  R,  James,  "Nonlinear  Inte ration  of  Electro- 
magnetic Waves  in  Bounded  Plasma,  " IEEE  Trans.  A'D-lp'J'3? 
(1963).  * 

A.  N.  Kondratenko,  V.  I.  Liolunovich  and  P.  N.  Rybin,  "Nonlinear 
Theory  of  Electromagnetic  Waves  in  a Bounded  Plasma,  " Izvestiva 
Vuz.  Radiofizika  p.  176  April  (i960). 

R.  F.  Whitmer,  E.  B.  3arrett,  "Nonlinear  Interaction  of  an  Electro 
magnetic  W ave  with  a Plasma  Layer  in  the  Presence  of  a Static 
Magnetic  Field,  I.  Theory  of  Harmonic  Generation,"  Phys.  Rev. 
121:  661  (1961). 

R.  F..  Whitmer,  E.  B.  Barrett,  "II.  Higher  Harmonics  and  a Non- 
linear Propagation  Theory,  " Phys.  Rev.  125,  1473  (1962). 

E.  3.  Barrett,  R.  F.  Whitmer  and  S.  J.  Tetenbaum,  "III.  Theory  of 
Mixing,"  Phys.  Rev.  1 35A:  36  9 ( 1 964). 

S.  J.  Tetenbaum,  R.  F.  Whitmer  and  E.  3.  Barrett,  "IV  Experi- 
mental Results,  " Phys.  Rev.  1 35A:  374  (1 964 ). 

C.  N.  Lashmore  - Davis  "The  Coupled  Mode  Aporoach  to  Nonlinear 
Wave  Interactions  and  Parametric  Instabilities,*"  Plasma  Phys 
Vol.  17,  ?p.  281-303,(1975). 

G.  Laval,  R.  Pellat  and  M.  Peruili,  Plasma  Phys,  _H.»  579  (1969). 

J.  Larsen  "Nonlinear  Wave  Interaction  in  a Plasma  Column" 
Stanford  University.  Institute  for  Plasma  Resea-ch  SU -IPR-R -ua 3 
Oct.  1972.  " * 

L.  Kunh  "An  Experimental  and  Theoretical  Study  of  Wave  Mixing  in 
a Bounded  Magnetoplasmas"  Columbia  University  Sci. , Report  "=6 
August,  1963. 

P.  He y ii.ann  and  K.  Paver  Surface  Wave  Echo  on  a Plasma  Column1 
Physics  Letters.  Volume  35A. , p.  51,(1971). 

Ajmera,  R.  and  K.  Lonngren,  "Nonlinear  Excitation  of  Propagating 
Surface  Waves  on  a Plasma  Column,  " Journal  of  Applied  Physics 
Vol.  19  45,  pp.  2265-2263,  April  1963. 

. J.  Schmith,  ' Plasma  Diagnostics  with  short  Electromagnetic 
ulses.  " IEEE  Transactions  on  Nuclear  Science,  pp.  1 25-  1 36,(1964 


121 


28.  J.  R,  Proni  Jr.,  W.  O,  Doggett  and  W,  H.  Bennett  "Signal  Pro- 
pagation Studies  in  a Low  Density  Plasma.  " Plasma  Physics  Vol. 

13,  pp.  191-  198,(1971). 

29.  J.  F.  Treguier  and  D.  Henry  - "Propagation  D'une  Impulsion 
Hyperfrequence  Sur  le  Mode  Electros tatigue  Longitudinal  Dans 
ua  Plasma  de  Laboratorie.  Plasma  Physics,  Vol.  14,  pp.  667- 
675,(1972). 

30.  B.  Anicin,  and  V.  Babovic,  "Excitation  of  Nanosecond  Waves  on 
Positive  Columns,  " Journal  Plasma  Physics,  Vol.  7,  do.  403- 
416,  (19721. 

31.  O.  Demokan,  H.  C.  Hsuan,  X.  Lonngren  and  B.  Anicin,  "A  Time 
of  Flight  Study  of  Waves  Guided  By  a Plasma  Column,  ” Plasma 
Phys.,  Vol.  13,  pp.  29-52,(1971). 

32.  D.  L.  Landt,  H.  C.  S.  Hsuan  and  K.  E.  Lonngren  "Properties  of 
Waves  Guided  by  a Plasma  Column  as  determined  by  Time-Of- 
Flight  Measurements  " Plasma  Physics  Vol.  16.,  pp.  407-412,  (1  9 74 j. 

33.  A.  Sindoris,  "Linear  4c  Nonlinear  Impulse  Stimulated  Emission 
from  a Plasma  Column,  " Fh.  D.  Thesis,  NYN  School  of  Eng.  4c 
Sci. , October  1971. 

3.4.  H.  Ikezi,  P.  J.  Barrett,  R.  B.  White  and  A.  Y.  Wong,  "Electron 

Plasma  Waves  and  Free  Streeming  Electron  Bursts"  Phvs.  Fluids 
Vol.  14,  pp.  1997-2005  (1971). 

35.  Huddles  tone  and  Leonard  "Plasma  Diagnostic  Technique.  " 

36.  S.  Sen,  and  S.  Mukhopadhyays,  "Microwave  Measurement  of  Elec- 
tron Collision  Frequency  in  Mercury  Vapor  D.  C.  Glow  Discharge 
Plasma  Column,  " Institute  of  Radio  Physics  4c  Electronics, 

Calcutta  University. 

37.  N.  Marcuvitz,  Lecture  Notes  on  Plasma  Dynamics,  NYU  School  of 
Eng.  4c  Sci. 

38.  P.  C.  Ciemmow,  J.  P.  Dougherty,  "Electrodynamics  of  Plasmas,  ” 
Addison- Wesley  (2  96  9). 

39.  G.  Georges,  Nonlinearities  in  Plasmas  4c  Theoretical  Investigation 
of  Harmonic  Generation  in  Stratified  Geometry,  Fh.  D.  Thesis, 

NYU,  May  1971. 

40.  L.  B.  Felsen,  and  N.  Marcuvitz,  "Radiation  and  Scattering  of  Waves,  " 
Prentic  Hall,  (197  3). 

41.  H.  Washimi  and  T.  Tanuiti,  "Propagation  of  Ion-Acoustic  Solitarv 
Waves  of  Small  Amplitude"  Phys.  Rev.  Lett.  17,  pp.  9G6- 3C3,  i ! 966). 


122 


/ 


42. 


Y.  A.  Berezin  and  V.  I.  Karpnan,  "Theory  of  Nonstationary  Finite- 
Amplitude  Waves  in  a Low-Density  Plasma,  " JETP  19,  pp.  1265- 
1271  (1964).  "Nonlinear  Evolution  of  Disturbances  in  Plasmas  and 
Other  Dispersive  Media,"  JETP  24,  op.  1049-1056  ( 1 o 6 T ). 

43.  B,  Kadomtsev  and  Y.  Karpman,  "Nonlinear  Waves,  " Soviet  Physics 
Uspekhi,  Vol.  14,  =1,  p.  40,(1971). 


44.  A.  Scott,  F.  Chu  and  D.  McLaughlin,  "The  Solition:  A New  Con- 
cept in  Science,  " Proc.  IEEE,  Vol.  61  410,  p.  1443,(1973). 


4 5. 
46. 


47. 

48. 


G.  B.  Whitham  "Linear  and  Nonlinear  Waves"  John  Wiley  it  Sons, 
(197  4). 

R.  E.  Collin  "Field  Theory  of  Guided  Waves"  McGraw-Hill,  NY, 
(I960). 

G.  N.  Watson  "Theory  of  Bessel  Functions.  " 

K.  Saeki  and  H.  Ikezi  "Electron  Plasma  Wave  Shocks  in  a 
Bounded  Plasma"  Physical  Review  Letters  29,  pp.  253-255,  (1972). 


49.  W.  M.  Manheimer  "Nonlinear  Development  of  an  Electron  Plasma 
Wave  in  a Cylindrical  Waveguide"  The  Physics  of  Fluids  12,  pp. 
2426-2428,  0969). 


I 


IV 

Evolution  of  Parametrically  Excited  Instabilities 
in  a Magneto  Plasma  Column 


124 


LIST  OF  ILLUSTRATIONS 


Figure 

Faee 

1 

Dispersion  Diagram  for  an  Unbounded, 
Isotropic  Electron-ion  Plasma 

130 

2 

Scattering  Diagram  of  Parametric  Decay 
Instabilities 

131 

3 

Dispersion  Diagram  for  an  Unbounded, 

Magneto  Plasma 

133 

4 

Hollow  Cathode  Discharge  Plasma  Device 

138 

5 

Microwave  System  and  Experimental  Set-up 

141 

6 a 

Radial  Profile  of  Density  and  Electron 
Temperature  in  the  Plasma  Beam 

145 

ob 

Density  Variations  as  a Function  of 

3affle  Current  I-, 

147 

6c 

Typical  Double  Probe  Curve  for  Different 
Microwave  Pump  Levels 

149 

7 

Microwave  Power  Modulation  and  Growth  and 
Decay  of  Electrostatic  lor.  Cyclotron  Wave 

153 

3 

Comparison  of  Frequency  Spectrum  at  0 Watt 
and  150  Watt  Levels,  with  or  without 
High-pass  Filter 

158 

9 

Frequency  Spectrum  of  Electrostatic  lor. 
Cyclotron  Wave  and  its  Harmonics 

160 

10 

Electrostatic  Ion  Cyclotron  Wave  in 

Time  Domain 

160 

11 

Evolution  of  Electrostatic  Ion  Cyclotron 

Wave  with  Microwave  Power  Modulation 

lol 

12 

Low  Frequency  Spectrum  as  a Function  of 
Microwave  Pump  Power 

lb4 

13 

Decay  of  Electrostatic  Ion  Cyclotron  Wave 
from  Steady  State  Amplitude  into  Noise 

168 

12  5 


I 


/ 


Figure  Page 


14  Evolution  of  Electrostatic  Ion  Cyclotron 

Wave  from  One  Steady  State  Amplitude  to 
Another,  as  both  Pump  Levels  Are  Above 
Threshold  172 

15  Amplitude  of  the  Decaying  Wave  as  a 

Function  of  Time  for  Various  Power  Levels  178 

lc  Steady  State  Amplitude  Versus  Power 

Difference  (?  - P^- ) 181 

1?  Comparison  of  Decay  Process  Predicted  by 

Phenomenological  Model  and  Exponential  Decay 
Process  "183 

18  Data  Fitting  for  Wave  Decay  Against 

Theoretically  Calculated  Curve  from  Model  186 

19  Decay  Rate  of  Wave  into  Noise  as  a Function 

of  Pump  Power  187 

20  Data  Fitting  for  Wave  Growth  Against 

Theoretically  Calculated  Curve  from  Model  188 

21  Growth  Rate  of  Wave  from  One  Steady  State 
Amplitude  to  Another  as  a Function  of 

Pump  Power  190 

22  Decay  and  Growth  Rate  y as  a Function 

of  Pump  Power  loi 

23  Configuration  of  Vectors  with  Respect  to 

Static  Magnetic  Field  3 Oriented  Along  2 207 

Dispersion  Diagram  for  Magneto-Plasma 
from  Kinetic  Model  217 


24 


IV-1.  INTRODUCTION 


The  parametric  excitation  of  instabilities  in  plasma 
has  been  the  subject  of  intensive  and  extensive  studies, 
both  theoretically  and  experimentally  in  the  past  decade. 

A recent  surge  in  interest  has  been  prompted  by  the  fact 
that  anomalous  absorption  of  microwave  power  through 
parametric  interaction  can  be  an  effective  method  of 

heating  the  plasma. A complete  survey  and  review  on 

• 6 

this  subject  can  be  found  m a recent  work  ci  Porkolab. 

Essentially  we  can  group  the  results  into  unmagnetized 
and  magnetized  cases,  and  a brief  summary  on  its  develop- 
ment is  given. 

In  a parametric  interaction,  a pump  wave  supplies  the 
energy  to  the  coupled  modes  to  overcome  their  natural 
damping  mechanisms.  These  decay  instabilities  in  turn 
may  act  as  a pump  to  generate  other  oscillations.  The  pro- 
cess can  be  viewed  as  the  background  plasma  being  modi- 
fied by  the  external  microwave  pump  of  sufficient  power; 
the  threshold  level  is  arrived  when  the  imaginary  part  of 
the  complex  frequency  of  the  wave  (assuming  a time  va- 
riation of  exp(-i6/t))  becomes  zero.  The  existence  of 
this  threshold  level  is  an  important  characteristic  of  the 
parametric  decay  phenomenon;  any  further  increase  in  power 
above  this  level  drives  the  excited  waves  unstable. 

There  has  been  numerous  work  done  on  this  subject. 


7 

Nishikawa,  using  a general  coupled  node  formulation, 

obtained  the  expressions  for  the  growth  rate,  frequency, 

and  threshold  for  the  onset  of  the  instabilities,  when  two 

natural  modes  of  the  system  are  coupled  and  driven  unstable 

by  a third  oscillation.  Then  these  results  are  applied  to 

a fluid  model  electron-ion  plasma,  in  which  a microwave 

pump  drives  an  electron  plasma  wave  and  ion  acoustic  wave  un- 
3 

stable.  Dubois  and  Goldman  derived  the  non-linear  sus- 

c 

ceptabilities  using  quantum,  statistical- mechanics  approach," 

10 

and  in  a later  paper,  using  the  collisior.less  Boltzmann- 
Vlasov  equation  by  perturbative  method.  Instead  of  the  quan- 
tum -statistical  method  .used  in  [ 9 ],  lee  and  Su~*  obtained 
the  same  results  using  the  fluid  model  of  an  electron-ion 
plasma.  In  anisotropic  medium,  the  derivations  are  much 

more  involved  since  the  model  used  is  the  kinetic  descrip- 

12 

tion.  Aliev,  et  al  used  the  viasov  equation  to  obcam 
the  background  and  perturbed  distribution,  solving  by  transf c - 
mation  into  an  oscillating  frame.  The  electrostatic  approx- 
imation is  used  to  obtain  the  dispersion  relation,  which 
is  valid  for  longitudinal  modes  only.  Porkolabx^  analyzed 
this  dispersion  relation  for  different  sets  of  coupled  modes. 

A new  theoretical  development  using  the  Hamiltonian  approach 

for  the  parametric  mode  coupling  is  performed  as  a con- 

. ll 

current  effort  to  this  project. 

The  first  attempt  to  parametrically  excite  the  decay 
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instabilities  was  performed  in.  19co;-^  many  other  experi- 
ments have  followed  ever  since.  A typical  representative 

sample  to  illustrate  certain  key  points  is  given.  In  a 

16 

Double  Plasma  machine  without  static  magnetic  field, 
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matching  condition  of  w0  = cjt_-ws  is  observed,  where  oj0  , w . 
and  w are  the  frequencies  cf  the  oumc,  electron  miasma, 

3 * * 

and  ion  acoustic  waves,  respectively.  By  using  two  probe 
correlation  measurements , the  wave  number  mm 
is  also  observed.  It  is  therefore  armament 
case  of  isotropic  plasma  (B0  =0),  the  modes  involved  in 
the  interaction,  as  observed  in  the  parametric  experiments , 
are  limited  to  the  natural  modes  of  the  two  component  plasma, 
the  two  aforementioned  waves  plus  the  optic  mode.  The 
dispersion  relation  of  these  modes,  which  are  found  ir.  any 
plasma  text,  are  represented  by  each  branch  cf  the  diagram 
in  fig. 1.  Two  parametric  decay  interactions 


-a  v>  ~ v»  ^ c;  ~ v 


in  the  diagram,  depending  on  the  value  of  kQ  , being  zero 


W C “ C;  b _ w 


or  finite.  With  k0  = 0 , the  backscattsrir.g  p: 

illustrated  by  the  parallelogram,  which  shows  the  electro- 

» 

magnetic  pump  with  frequency  u0  > decaying  into  electron 
plasma  and  icr.  acoustic  waves.  Not  only  is  the  frequency 
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TRANSVERSE 
or  OPTIC  MODE 


(energy)  conserved,  i.e, 


to)  + u) 

1 s 


but  also  is  the  wave  number  (momenta) : 


k — > k,  t k 
— o -1  -s 


For  = 0 , we  have  k,  = -ke 


(1.1) 


(1.2) 


For  k^  / 0 , the  conservation  equations  given  above 
obviously  hold,  as  shown  by  the  dashed  lines  in  the  diagram, 
with  the  unprimed  quantities.  The  general  process  of  the 
decay  process  can  also  be  represented  in  a scattering 
diagram,  as  in  fig.  2. 


i 2 ^ — 2 ^ 


FIG.  2:  SCATTERING  DIAGRAM  OF  PARAMETRIC  DECAY  INSTABILITY 


In  a four  mode  interaction,  we  can  describe  the  pheno- 
menon as  a combination  of  two  three-mode  processes  in  a 
similar  fashion.  Then  the  pump  at  uQ  couples  energy 
into  oscillations  at  u>„,  and  oj„  + , with  - cj_ 

S O - a 0 a 

be  ins  the  Stokes,  and  + to  the  anti-Stokes 

= os 

frequencies.  From  the  dispersion  diagram,  we  can  see  that 


■ 


the  electromagnetic  wave  can  decay  into  a combination  of, 
either  electromagnetic  and  ion-acoustic  waves,  or  electro- 
magnetic and  electron  plasma  waves.  The  first  process  is 
called  Brillouin  Scattering,  and  the  latter,  Raman  Scat- 
tering. Also,  in  an  overdense  plasma,  i.e.,  pump  frequency 


u> 


is  less  than 


_ 


latory  instability,  the  Oscillating  Two-Stream  Instabi- 
lity may  be  excited.'7’  ® 

Turning  attention  to  a magneto-plasma  , the  number  of 
natural  modes  which  can  exist,  is  much  greater;  therefore, 
we  expect  the  possible  combinations  of  modes  to  be  involved 
in  a parametric  decay  interaction  is  no  longer  as  limited 
as  before.  In  an  infinite,  homogeneous  and  two-component 
plasma,  with  a static  magnetic  field , 30  oriented  along 

z direction,  using  the  fluid  model,  the  dispersion 
21  -23 

relation  of  the  warm  plasma  is  plotted  in  fig.  3- 

A more  complete  set  of  all  possible  modes  is  obtainable  with 
the  kinetic  description.  ’ ^ Some  of  these,  especially 
the  modes  involved  in  our  experiment,  are  derived  and  plotted 
in  section  4.4.  The  values  cf  the  cj  labeled  in  the  dia- 
gram are  defined  as  follows,  often  simplified  with  proper 
aoDroxi mat ions : 


^ + ( £ 
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Thus,  in  the  presence  of  sufficiently  strong  electric 
fields,  the  plasma  is  subjected  to  parametric  interactions. 
Over  the  years,  a great  number  cf  experiments  have 

been  performed  with  the  microwave  pump  ax  a wide  range  of 

„ . . 2S-32 

frequencies,  corresponding  to  one  oi  the  natural  modes, 

and  many  of  them  have  also  obtained  evidence  of  plasma  hea- 
ting. However,  to  succeed  in  achieving  a parametric  ex- 
citation experiment,  not  only  must  the  momenta  k be 
matched,  often  a well  defined  wave  number  k is  in  order. 
Then  this  would  yield  decay  instabilities  with  fixed  fre- 
quencies of  highly  spiked  spectra,  rather  than  a bread 
range  of  frequencies  being  exeixed. 
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Kiroe  and  Ike garni  performed  their  experiment  in  a 

mercury  plasma  discharge  tube  inserted  in  a waveguide. 

The  fixed  microwave  pump  frequency  is  close  to  the  upper 

hybrid  mode,  and  when  the  pump  power  exceeded  the  threshold 

power  level,  sharply  spiked  spectral  components  appear,  with 

frequencies  corresponding  to  upper  hybrid  and  lower  hybrid 

modes;  these  are  traveling  waves.  Ir.  experiments  performed 

bypd-kolab,  et  al,^  and  Franklin,  et  al,^  the  microwave 

1 6 

launcher  used,  like  in  Ster.zel  and  Wong's,  is  composed 
of  a parallel  grid.  A Lisitar.o  coil  is  also  often  used  to 
launch  a spiraling  slow  wave  as  done  in  ^3^]  • In  a well 
confined  magneto  plasma  of  sharp  boundaries  such  as  the  Poly- 
technic Hollow  Cathode  Discharge  device,  it  is  possible  to  ex- 
cite parametric  instabilities  with  a high  power  microwave 
signal.  It  is  with  this  interest  in  mind  that  the  present 
research  was  started. 

The  plasma  device,  which  utilizes  a small  hollow  tube  as 
a cathode,  produces  an  argon  arc  discharge  between  the 
negatively  biased  cathode  and  the  grounded  baffle  anode. 

This  anode  is  hollow  at  the  center,  thus  allowing  part  of 
the  plasma,  which  has  escaped  the  magnetic  mirror  at  the 
source  region  , to  flow  into  an  experimental  drift  region. 

By  controlling  the  voltage  applied  to  the  cathode,  and/or 
the  magnetic  field  strength , and/or  neutral  gas  flow,  we 
can  gradually  change  the  characteristics  of  the  background 
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^ n i i 

plasma  such  as  density  from  10" J to  10  /c.c.  A horn 

antenna  is  mounted  on  the  anode  end  plate  such  that  the 
cross  section  of  the  plasma  beam  is  being  shined  by  the 
microwave  field.  The  electric  field  is  polarized  in  a 
direction  perpendicular  to  the  beam  and  the  static  magnetic 
field.  With  all  the  background  parameters  adjusted  to  ideal 
conditions  for  the  excitation  of  the  decay  instabilities, 
the  microwave  pump  power  with  frequency  at  9-23  GHz,  is 
increased  gradually,  '.‘/hen  the  power  exceeded  a definite 
value,  excited  signals  are  observed  simultaneously  at  two 
frequencies,  one  close  to  the  pump  frequency,  and  the  other, 
at  about  260  KHz;  the  threshold  power  level  is  experimentally 
estimated  first,  and  later  confirmed  by  calculation,  to  be 
about  65  watts,  which  corresponds  to  an  electric  field 
strength  of  16  V/cm.  The  microwave  signal  is  square  wave 
modulated  in  such  a way  that  for  about  90$  of  the  period, 


the  power  is  fixed  at  a level  aocve  the  ohresnold,  s_.^  tr.e 
remaining  10$,  the  power  level  is  varied  gradually  over  a 
range  of  values.  As  the  power  is  switched  to  a level  below 

threshold,  the  amplitude  of  the  electrostatic  ion  cyclotron 

» 

wave  decays  from  a saturated  level  into  noise.  Decay  rates 
thus  obtained  enable  us  to  confirm  their  linear  dependence 
as  a function  of  power;  the  threshold  power  and  the  natural 
damping  rates  are  also  calculated.  The  growth  rate  for  each 
power  level  is  also  obtained  as  the  tower  exceeded  the  thres- 
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hold;  from  the  saturated  amplitude  and  the  phenomenological 
model,  it  is  found  that  there  are  two  competing  saturation 
mechanisms,  namely  the  anomolous  diffusion  or  the  harmonic 
generation.  The  dispersion  relation  of  the  modes  involved 
in  our  parametric  interaction  are  also  derived,  and  it  is 
found  in  the  range  of  our  parameters,  these  modes  are 
the  third  harmonic  of  electron  cyclotron  and  the  electro- 
static ion  cyclotron  waves. 

In  IV -2  , a detailed  description  of  the  plasma 

device  and  the  microwave  system  is  given.  The  experiment 
of  parametric  excitation  and  typical  observations  are  in 


IV- 4 


contains  the  analysis  of  the  data, 


the  presentation  of  the  phenomenological  model  which  not 
only  describes  the  growth  and  decay,  but  also  the  satu- 
ration of  the  waves,  and  the  derivation  of  the  dispersion 
relation  for  the  modes  involved.  A brief  conclusion  and 
possible  future  research  are  given  in  IV-5, 


IV-2. PLASMA  AND  MICROWAVE  SYSTEMS 


A-  Plasma  Device 

The  experiments  of  zhe  parametric  decay  instabilities 
are  performed  in  the  Hollow  Cathode  Discharge  (HCD)  device 
built  a few  years  back.  It  has  been  used  to  study  the 

charged  particle  loss  processes  ^ and  low  frequency 

• 37  , 

instabilities.  This  linear  device,  as  shown  m fig.  4, 

consists  of  two  regions,  a turbulent  source  region,  and  a 
relatively  quiescent  experimental  region  immersed  ir.  an 
uniform  magnetic  field.  The  plasma  is  an  argon  arc  dis- 
charge between  a hollow  tantalum  cathode  and  a baffle  anode. 
The  neutral  gas  is  fed  into  the  hollow  cathode  where, 
through  the  application  of  a RF  breakdown  oscillator  and 
a high  negative  bias,  it  breaks  down  initially.  After  the 
plasma  is  started  and  becomes  self-sustaining  by  ther- 
mionic action  at  the  cathode,  the  electrons  are  accelerated 
towards  the  baffle  anode.  Part  of  the  electrons  which  are 
not  collected,  flow  through  a hole  in  the  baffle  anode  and 
enters  the  experimental  drift  region.  Ions  then  follow  into 
the  region,  and  the  quasi-neutrality  condition  is  achieved. 
While  many  features  of  this  HCD  are  similar  to  others,  it 
is  distinguished  from  the  rest  due  to  its  length  ( a 2 m long 
vacuum  chamber)  and  due  to  the  capability  of  maintaining  a 
pressure  ratio  (10:1)  between  the  2 regions  through  the 
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action  of  the  baffle  anode  and  the  differential  pumping 
systems.  Thus  a high  density  plasma  can  be  generated  in 
the  high-pressure  source  region,  yet  in  the  experimental 
region,  the  gas  flow  can  be  independently  controlled  in 
order  to  obtain  various  degrees  of  ionization.  It  has  the 
capability  of  achieving  an  almost  fully  ionized  plasma 
(905?  or  more)  . 

The  confining  magnetic  field  in  the  drift  region  is 
spatially  uniform  to  within  1%  over  an  axial  length  of  1 
meter.  Mirror  coils  placed  over  the  baffle  determine  the 
plasma  transport  from  one  region  to  the  other.  The  mag- 
netic field  is  provided  by  a set  of  15  water  cooled  PEM 
coils  (capable  of  3 KGauss  strength)  of  very  low  resistance 
(.03  0 each).  The  4 source  region  coils  and  the  remaining 
11  in  the  experimental  region  are  independently  powered  by 
2 KuMac  power  supplies  with  a power  output  of  320  K’.V . 

The  4 source  coils  are  connected  in  series  with  a lew 
resistance  of  0.25  ~ so  that  the  operating  load  for  the 
supply  is  within  the  safe  operating  region. 

Once  the  discharge  is  on,  the  plasma  density  can  be 
varied  by  changing  the  cathode  voltage,  which  in  turn 
changes  the  plasma  current  1^,  from  the  cathode  to  the 
baffle  anode.  Although  the  range  of  the  baffle  current 
can  go  from  a lev/  of  14  A to  a maximum  of  40  A ( corresponding 
to  a density  range  of  10*  to  10  J per  c.c.),  the  magnetic 


field  in  the  drift  region  may  have  to  he  readjusted  to 


correspond  to  the  optimum  conditions  for  a stable  plasma. 

The  experimental  drift  region  is  normally  terminated  by  a 
movable  water  cooled  anode,  which  can  be  grounded  or  floated; 
however,  in  our  experiment  it  is  replaced  by  an  insulating 
plate  onto  which  a microwave  antenna  horn  is  mounted.  Thus 
this  experimental  set-up  resembles  that  of  a 3-machine  , 
except  the  source  is  of  arc  origin. 

B-  The  Microwave  System  and  Power  Measurement 

The  electromagnetic  pump  required  to  excite  the  plasma 
instabilities  is  provided  by  a microwave  system  as  illu- 
strated in  fig.  5-  The  source  is  an  x-band  signal  ge- 
nerated by  an  ultra-stable  microwave  oscillator  (LFS,  model 
Sl4-  S) , with  a power  output  of  30  mW  . This  oscillator  is 
a highly  stable,  wide  band  source  (8.5-  10  GHz),  with  a 
klystron  oscillator  and  a stabilizing  feedback  loop,  which 
consists  of  a tunable  reference  cavity  and  a low  noise  d-c 
amplifier.  Through  the  action  of  the  cavity  ar.d  a diffe- 
rential amplifier,  any  klystron  frequency  change  is  con- 
verted into  a voltage  change,  'which  is  in  turn  applied  to 
the  repeiler  electrode  of  the  klystron.  Thus  any  fluc- 
tuation in  frequency  will  be  offset  by  a change  in  the 
repeiler  voltage,  and  the  output  can  be  held  very  close  to 
the  originally  set  frequency. 
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Through  a series  o?  variable  attenuators,  this  micro- 
wave  signal  is  fed  into  a highly  sophisticated , self-contained 
microwave  generator  built  by  G.E.  . This  unit,  which  can  be 
operated  either  as  a source  generator  or  a 50  d3  amplifier 
with  a maximum  power  output  of  1 KW  CW  , consists  mainly  of 
a Yarian  klystron  tube,  VA-  922  series.  Each  tube  is 
factory  tuned  to  a specified  center  frequency,  and  has  a 
15  MHz  bandwidth  • it  incorporates  a series  of  protective 
circuitry  that  automatically  shuts  off  the  system  if  any 
failures  unexpectedly  occur.  At  the  input  arm,  a pin  diode 
switch  (HP  8735A  series)  is  employed  for  the  necessary  sig- 
nal modulation.  Thus,  through  the  action  of  this  fast  micro- 
wave  switch  (rise  time  of  30  nanoseconds)  and  the  series  of 
microwave  attenuators,  the  power  level  of  the  pump  signal 
can  be  changed  accurately  from  one  level  to  another  by  simply 
varying  the  bias  to  the  pin  diode  switch.  The  amplified 
microwave  signal  is  then  fed  into  a horn  antenna  (US  Army 
Signal  Corps  AT-  158/j,  3"  W,  25"  H,  and  4 " L)  , mounted  to 
the  anode  end  of  the  plasma  device.  Since  the  plasma  beam 
ends  exactly  at  the  throat  of  the  horn,  it  must  be  electri- 
cally insulated  in  order  to  avoid  drawing  current,  thus 
changing  the  characteristics  of  the  plasma  system.  This 
is  accomplished  by  connecting  a thin  teflon  sheet  between 
sections  of  waveguide.  A microwave  press  up 0 v/i nd cw  i. s 3, -.so 
connected  for  a hermitical  seal  of  the  plasma  system. 
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Power  level  of  the  pump  at  C W mode  of  operation  is 
measured  from  the  output  arm  of  the  microwave  generator/ 
amplifier  by  picking  up  a fraction  of  the  signal,  i.e., 
through  a directional  coupler  of  30  dB  rating  and  a 20  d3 
attenuator  (exact  value  only  ^9-6  db  at  9-23^  GHz),  to  a 
thermoelectric  power  meter  (Microwave  Associates,  model 
^54A) . However,  in  our  experiment,  the  power  level  is 
first  set  to  a level  above  the  threshold  for  the  onset' of 
the  parametric  decay  instabilities.  A power  reading 

is  made  after  optimum  operational  conditions,  which  give 
the  sharpest  peak  in  the  frequency  spectra,  are  achieved. 
Then  the  pump  signal  is  square  wave  modulated,  with  90 5 of 
the  period  at  this  level,  and  the  remaining  lOfS  at  a va- 
riable power  level-  Therefore,  the  direct  power  measure- 
ment method  can  no  longer  be  done.  This  is  done,  as  out- 
lined in  fig.  5,  by  displaying  via  a diode  detector  the 
modulated  output,  after  passing  through  a fixed  30  dB 
attenuator,  and  a precision  variable  attenuator  (HPX-  JB.2X)  , 
in  a dual  trace  oscilloscope.  With  the  variable  attenuator 
set  at  zero,  the  2nd  trace  of  the  scope  used  for  reference, 
is  made  to  align  with  the  tcp  level  of  the  square  wave, 
which  corresponds  to  the  power  level  read  from  the  power 
meter  at  CTW  . Then,  the  variable  attenuator  is  increased 
until  the  lower  level  of  the  square  wave  aligns  with  the 
reference  trace.  The  value  on  the  variable  attenuator 
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therefore  simply  corresponds  to  the  number  of  d3  the  power 
level  is  away  from  original  C'.V  power  reading. 

Since  the  variable  power  level  is  controlled  by  the 
pin  diode  modulator,  which  in  turn  is  controlled  by  the 
negative  bias  supplied  by  a pulse  generator  (GR  model  1340) , 
one  can  minutely  and  accurately  change  this  level.  A final 
note  on  this  must  be  added.  Since  the  original  power  rea- 
ding is  obtained  by  assuming  a 50  dB  attenuation  before 
the  power  meter  to  simplify  readings  (instead  of  using  the 
actual  49.6  d3  at  this  frequency),  and  the  horn  is  about 
11  ft  away  from  the  location  where  power  is  read,  a cor- 
rection factor  of  1 db  (attenuation  due  to  waveguide  is 
0.06  db/ft-^)  must  be  subtracted  from  the  meter  reading 
to  arrive  at  the  actual  power. 

C-  Basic  Plasma  Parameters 


The  KCD  device  is  operated  with  no  major  modifications 
compared  to  the  system  previously  used,  with  the  exception 
of  the  horn  antenna  replacing  the  movable  anode , and  of  the 
low  percentage  of  ionization  encountered  in  our  experiment. 
Therefore,  many  of  the  previously  obtained  plasma  parameters 
or  system  characteristics  are  expected  to  be  unchanged , for 
example,  the  radial  profile  of  the  density  and  temperature 
(fig.  6a).  It  should  be  noted  that,  since  the  microwave 
pump  frequency  is  factory  set  (no  attempt  is  made  to  change 
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it  even  though  the  klystron  tube  is  tunable  - 3^0  MHz 


around  its  center  frequency) , the  plasma  parameters  must 
be  meticulously  adjusted  until  all  the  conditions  are 
proper  for  the  parametric  excitation  to  take  place.  It 
is  due  to  this  that  the  gas  flow,  magnetic  field  and  baffle 
current  must  be  properly  set  to  specific  values.  Therefore, 
with  this  in  mind,  we  obtain  the  variatio'n  of  density  as  a 
function  of  baffle  current  I-j. 

The  electron  temperature  and  density  are  measured  by 

3q_4] 

the  single  or  double  probe  technique.  ~ This  Langmuir 
probe  method  is  simple  to  use.  Essentially,  a bias  voltage 
is  applied  between  one  probe  and  another  reference  point, 
which  can  be  another  nearly  identical  probe  (for  double 
probe  measurement) , or  a point  in  contact  with  the  plasma. 

As  the  voltage  is  changed,  the  current  flowing  through  the 
probe  also  varies,  thus  giving  us  a Y-I  characteristic 
curve  from  which  the  density  and  temperature  is  obtained. 

In  a magnetized  plasma,  however,  the  electron  collection 
area  of  the  cylindrical  probe  must  be  modified  to  only  the 
rectangular  cross  section  of  the  probe,  and  the  double 
probe  must  be  oriented  perpendicular  to  the  magnetic 
field  3 z, otherwise , a electron  retardation  can  occur  if 
the  2 probes  are  along  z.  A typical  plot  of  the  density 
versus  baffle  current  I-  is  in  fig.  6b.  Since  the  density 
of  approximately  10  particles/cc  yield  a plasma  fre- 


quency  f of  9 GHz,  the  baffle  current  I_  below  25A  is 
chosen  to  be  the  operating  range  for  the  experiment  (the 
microwave  pump  frequency  is  fixed  at  9-23^  GHz). 

At  the  operating  condition  of  I-  = 15A,  a static  mag- 
^•©txc  field  oi  approximately  1 KGauss,  and  a neutral  oressur 

2 micron  of  Hg,  the  parametric  instabilities  are  excited 
when  pump  power  exceeds  the  threshold  level.  The  electron 
temperature  and  density  are  found  to  have  increased  little 
with  the  microwave  pump  on,  approximately  20 % and  50%  re- 
■pectively.  At  zero  power,  electron  temperature  (density) 
is  only  l.S 6 ev  (5  x 10^/cc)  , and  at  100  watt,  2.2  ev 
(8  x 10  /cc) . Further  increase  in  power  (up  to  350  watt) 
yields  no  appreciable  change  on  both  parameters  as  shown 
in  fig.  6c;  other  basic  plasma  parameters  pertinent  to 
the  operating  region  given  above  are  summarized  in  Table  1. 
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Table  1 


KCD  Plasma  Parameters 


Neutral  Density  (at  2u) 

6.5  x 1013/cm3 

Percent  Ionization 

12.5* 

Magnetic  Field  3 

(at  loOA;  10CA  =680  Gauss) 

1088  Gauss 

Electron  Cyclotron  Frequency 

1.92  x IQq0/ sec. 
3.05  x 10 * Hz 

Ion  Cyclotron  Frequency 

2.61  x 10r)/sec 
4.15  x 1CT  Hz 

Electron  (Ion)  Density 

8 x 1012/cm3 

Electron  Temperature 

2 eV 

Ion  Temperature 

. 6 eV 

Electron  Plasma  Frequency 

. it. 

1.6  x 101n/sec 

2.5  x 10 Hz 

Electron  Thermal  Speed 

9.5  x 10 ' cm/sec 

I on  Thermal  Speed 

1.9  x 103  cm/sec 

Electron  Larmcr  Radius 

5.1  x 10'3  cm 

Ion  Larmcr  Radius 

.76  cm 

Debye  Wavelength 

3-7  x 10-3  cm 

Debye  Wavenumber 

1.69  x 103/cm 
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Table  1 (cont'd) 


HCD  Plasma  Parameters 


Microwave  Pump  Frequency 


Third  Harmonic  Electron 
Cyclotron  Frequency 

Electrostatic  Ion 
Cyclotron  Frequency 

Electron  Neutral 
Collision  Frequency 

Ion  Neutral 
Collision  Frequency 

Wave  Number  k. 


5-30  x 10q0/ sec 
9. £3  X 10*  Hz 

5.76  x Ioi°/sec 
9-17  x 10*  Hz 

1.63  x 101/sec 
2.60  x 1C-3  Hz 

2.59  x 106/sec 

1.64  x 10^/sec 
7 • 5/cm 


IV -3  EXPERIMENTAL  SET-UP  AND  RESULTS 
A-  The  Experiment 


The  experimental  study  of  the  time-evolution  of  the 
parametric  instabilities  is  conducted  in  the  KCD  device 
described  in  the  earlier  chapter.  Fig.  5 shows  the  micro- 
wave  system  and  the  whole  experimental  set-up.  The  back- 
ground conditions  are  initially  adjusted  so  that  the  micro- 
wave  pump  can  parametrically  excite  the  electrostatic  ion 
cyclotron  wave.  These  parameters  are  readjusted  until  the 
oscillogram  of  the  waves  being  the  most  coherent,  cr  equivalently 


the  peak  m the  irequency  spectrum  being  the  sr.arpest.  Alter 
these  adjustments,  the  pump  signal  is  modulated  as  shewn 
in  fig.  ?,  and  the  instability  grows  or  decays  depending 
or.  the  power  level.  A typical  frequency  of  the  square 
wave  is  1 KHz,  with  its  total  period  T of  1 msec,  divided 
into  an  on-off  ratio  of  9 to  1,  i.e.,  during  90/t  of  the 
time,  the  microwave  power  is  at  a level  above  threshold 
power,  Pmt.;)  while  the  remaining  10 % of  the  time,  the  power 
level  is  varied  over  a range  of  power  levels.  This  type 
of  modulation  is  often  called  un symmetrical  square  wave 
modulation,  and  the  chosen  duty  cycle  assures  us  of  a fairly 
constant  background,  and  the  time  period  of  long  enough 
for  the  instability  to  reach  steady  state. 

Two  sets  of  distinct  experiments  are  performed  although 
both  are  often  conducted  together.  The  first  set,  to  mea- 


sure  the  decay  time  of  the  parametric  instability 


done 


1 i s 

with  the  power  level  ?2  varied  gradually  from  0 watts  to 
about  65  watts,  the  threshold  power  level;  and  to  measure 

V* 

the  growth  time,  the  power  level  ?2  increased  from  to 
P-,  level.  Thus,  during  the  period  T^,  the  electrostatic 
ion  cyclotron  waves  reaches  a finite  steady  state.  At  the 
end  of  time  T^,  the  microwave  power  is  switched  to  a new 
level  ?2-  If  Pg  is  below  P^v,  then  the  amplitude  of  the 
wave  decays  into  noise.  If  ?2  is  above  the  wave 

amplitude  decays  from  one  sxeady  state  level  to  another 
non-zero  level.  An  important  fact  must  be  considered  in 
order  to  conduct  these  experiments  for  measuring  the  decay 
and  growth  time.  As  xhe  pump  is  switched,  the  rise  and  fail 
times  of  the  microwave  signal  must  be  smaller  than  those  of 
the  waves.  This  is  assured  since  the  pin  diode  switch  and 
the  square  wave  generator  which  drives  the  modulator  have 
rise  and  fall  times  in  the  nanosecond  region  (30  ns.  and 
5 ns.,  respectively);  therefore,  the  modulated  microwave 
signal  has  a much  smaller  value  compared  to  those  of  the 
instabilities  which  are  in  the  microsecond  range. 

B-  Detection  of  '.v'aves 

The  detection  of  the  instabilities  are  done  by  obser- 
vations in  the  time  domain  through  oscilloscope,  or  in  the 
frequency  domain  through  spectrum  analyzers.  The  parame- 
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trically  excited  high  frequency  signal,  the  3rd  harmonic 
of  the  electron  cyclotron  wave,  is  observed  through  the 
reflected  signal  from  the  waveguide,  with  its  frequency 
spectrum  displayed  in  a high  frequency  spectrum  analyzer. 

The  high  frequency  spectrum  typically  shows  a center  peak 
at  the  pump  frequency  of  9.23^  GHz.  When  the  pump  power 
exceeds  the  threshold,  two  sidebands,  approximately  25C  KHz 
from  the  peak,  simultaneously  appear.  These  correspond  to 
the  Stokes  and  anti-Stokes  frequencies. 

The  electrostatic  ion  cyclotron  wave  is  observed 
through  electrostatic  or  Langmuir  probes.  These  probes  are 
connected  to  a Tektronix  551  scope,  which  is  equipped  with 
a isolation  transformer.  Therefore,  the  probes  are  floating 
and  no  appreciable  current  is  drawn  through  them  to  locally 
disturb  the  plasma.  One  probe  is  connected  to  a homemade 
50  O coaxial  tube  capable  of  rotation  and  movement  along  the 
plasma  beam.  Essentially  the  probe  is  made  of  a fine 
tungsten  wire  (10  mil  thick)  which  is  electrically  insu- 
lated with  ceramic  tubing  (AlgO-j)  except  at  the  exposed 
tip  of  approximately  60  mil,  oriented  along  the  static 
magnetic  field  direction  z.  A second  probe  is  also  used;  it 
inserted  through  one  of  the  several  ports  located  on  top 
of  the  device.  With  its  dimension  nearly  identical  to  the 
first  one,  this  is  a transverse  probe  s'  oe  its  crier.tati  tr. 
is  perpendicular  to  the  z-directicn.  Using  these  two  nearly 
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identical  probes,  it  is  found  that  the  transverse  probe 
picks  up  a much  larger  signal  strength  of  the  instability, 
even  though  by  comparison,  the  longitudinal  probe  is  more 
sensitive.  Therefore,  ’.ve  conclude  that  the  observed  in- 
stability is  transversely  polarized.  In  a similar  ex- 
periment but  different  mode  of  operation  in  this  device, 

14 

tne  same  result  and  conclusion  have  been  obtained. 

The  low  frequency  signal  can  also  be  observed  opti- 

i o 4? 

cally  as  done  byK-em.  Using  a lens  focused  to  the 

center  of  the  plasma  beam,  light  intensity  change  is  de- 
tected and  transmitted  by  optical  fiber  bundles  to  a photo- 
multiplier tube.  Thus  modulation  in  light  intensity  is 
due  to  the  local  variation  in  density  caused  by  the  electro- 
static ion  cyclotron  wave.  In  instances  when  the  electron 
density  increases,  the  number  of  electron-neutral  collisions 
increases,  causing  the  bound  electrons  of  the  neutrals  to 
be  excited  into  a higher  energy  level,  '//hen  these  electrons 
relax  back  to  the  ground  state,  light  is  emitted.  There- 
fore, the  fluctuation  in  light  intensity  observed  is 
equivalent  to  the  oscillation  of  the  wave  in  question. 

This  method  is  not  used  extensively  because  the  signal 
strength  is  too  weak  .since  the  location  of  the  optical 
fibers  are  away  from  the  plasma  beam,  and  because  of 
other  signals  being  also  picked  up.  These  lew  frequency 
instabilities,  which  often  mar  the  intended  observations, 


are  thought  to  be  inherent  of  the  arc  plasma.’ J This 
method  of  detection  provides  an  alternative  to  compliment 
the  observations  through  electrical  probes. 

C-  Typical  Observations 

Since  there  are  inherent  instabilities,  which  are 


originated  from  the  source  region  and  are  all  under  ICC 


a)  Without 
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the  2nd  harmonic  of  the  signal  is  barely  visible  at  approxi- 
mately 520  KHz.  It  is  beyond  doubt  that  there  is  indeed 
a oscillation  at  260  KHz,  which  is  excited  only  when  the 
microwave  pump  is  sufficiently  high;  the  filter  merely  helps 
to  eliminate  other  unwanted  signals.  When  the  power  level 
is  further  increased  to  200  watts,  the  higher  harmonics  be- 
gin to  appear  (fig.  9)-  the  time  domain,  the  signal  is  s 
as  a coherent  oscillation  'with  a period  of  approximately 
4 usee,  as  shewn  in  fig.  10. 

The  electrostatic  ion  cyclotron  wave  is  more  evident 
when  the  pump  power  is  switched  from  one  level  above  thres- 
hold to  one  below  in  the  fashion  described  earlier.  As 
predicted  by  the  parametric  theory,  the  parametric  decay 
instabilities  can  only  be  excited  when  the  power  level  is 
above  the  threshold;  this  is  illustrated  in  a series  of 
snapshots  of  the  oscilloscope  in  fig.  11.  A3  opposed  to 
fig.  10,  these  are  double  and  single  trace  photographs. 

Only  a portion  of  the  total  period  is  shown.  In  a,  the 
lower  trace  of  the  square  ’wave  corresponds  to  a power  level 

of  0 watts,  and  the  upper  line,  a power  level  of  200  watts; 
as  shown,  only  noise  of  random  frequency  exists  during 
time  T-,  , and  the  amplitude  of  the  coherent  signal  begins 
to  grow  and  reach  a steady  state  level  after  power  is 
switched  on.  The  same  process  is  depicted  in  b,  except 
for  a change  to  greater  sensitivity.  While  two  traces 
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9:  FREQUENCY  SPECTRUM  OF 
CYCLOTRON  WAVE  AND  IT 


ELECTROSTATIC  ION  CYCLCTR 
WAVE  IN  TIME  DOMAIN 


a)  Square  wave  and  instability,  double  trace 
H = 20  usec/cm 


b)  Instability  growing  from  noise  level  to  steady 
state  amplitude,  double  trace 
H = 50  usec/cm(uncal. ) 


r 


are  superimposed  on  the  previous  two  photographs,  in  c, 
we  have  two  single  trace  pictures,  with  the  scope  reset 
to  show  the  on-cycle  first.  In  this  last  picture,  we 
see  the  amplitude  of  signal  oscillates  If  more  cycles  be- 
fore decaying  to  noise  level  even  after  the  pump  has  been 
shut  off  (set  to  be  exactly  at  the  middle  of  the  screen). 

The  frequency  dependence  of  the  electrostatic  icr. 
cyclotron  wave  on  power  and  on  temperature  is  depicted- in 
the  next  series  of  photographs  on  fig.  12.  Although  the 
sequence  shows  only  a variation  in  power,  it  has  been  shewn 
in  section  2.3  that  we  found  a temperature  rise  cf  25?S  as 
power  is  increased  from  0 to  ICO  therefore,  a power 
variation  corresponds  also  to  a temperature  change  (recall 
that  we  found  only  a initial  increase  only,  no  further  tem- 
perature change  as  pov/er  increased  above  100  '//) . In 
the  first  3 pictures,  we  must  discount  the  first  peak  since 
it  is  due  mainly  to  the  response  of  the  electronic  high  pass 
filter  set  at  200  KHz.  As  power  is  increased,  the  general 
noise  level  rises,  but  the  filter  cuts  off  frequencies  be- 
low the  preset  frequency,  therefore  giving  a false  peak. 

At  power  level  of  79  VJ,  the  2nd  peak  corresponding  tc 
the  excited  instability  begins  to  rise  out  of  the  noise. 

This  peak  becomes  clearer  in  picture  c,  with  power  level 
set  at  87  Ws  also  the  2nd  harmonic  is  beginning  to  show. 

And  in  the  final  two  pictures,  at  power  levels  of  117  and 
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b)  Power 


c)  Power  = 8?  Watt 


12*  LOW  FREQUENCY  SPECTRUM  A 
OF  MICROWAVE  PUMP  POWER 

Zero  Reference  Peak  set 
Signal  Frequency  = 260  X 


A FUNCTION 


ower 


e)  Power  = 222  W at 


12:  LOW  FREQUENCY  SPECTRUM  AS  A FUNCTION 
OF  MICROWAVE  PUMP  POWER  (Cont'd) 


Horizontal  Scale  = 100  KHz/div.  (Uncal.) 
Signal  Frequency  = 260  KHz 
2nd  Harmonic  = 520  KHz 
3rd  Harmonic  = 780  KHz 


220  \i, 


220  W , the  peaks  of  the  fundamental  and  higher  harmonics 
become  clearly  defined.  It  is  of  interest  to  point  out  the 
slight  shift  in  frequency  of  the  instability.  In  the  first 
3 snapshots,  we  see  the  peak  at  1.8  divisions  while  it  is 
at  2.0  divisions  in  the  last  two:  this  corresponds  to  a 
change  from  235  KHz  to  2c0  KHz. 


D-  Decay  and  Growth  of  Electrostatic  Ion  Cyclotron  '.'lave 

A convincing  evidence  of  the  parametric  excitation  is, 
besides  the  existence  of  a definite  threshold  power  level, 
to  be  able  to  show  the  growth  and  decay  rates  of  the  de- 
cay instability  sire  linearly  related  to  the  pump  power. 

This  is  the  main  subject  of  this  section. 

The  decay  of  mhe  electrostatic  ion  cyclotron  wave  is 
studied  by  switching  the  microwave  pump  power  from  a fixed 
level  above  threshold,  to  various  levels  below.  Although 
single  trace  snapshots  as  in  fig.  11  can  be  used  to  calcu- 
late the  decay  rate,  it  is  found  that  the  results  are  too 
inconsistent  due  to  the  instantaneous  fluctuations  of  the 
background.  Multitrace  photographs  are  used  to  average  cut 
this  randomness.  Thus,  with  the  repetition  rate  of  the 
square  wave  at  10C0  cycles  per  second,  a camera  exposure 
time  of  1/50  sec.  gives  us  20  traces:  and  at  2000  cycles 
per  second,  it  gives  us  40  traces.  Thus,  the  data  are 
obtained  by  using  this  photograph  averaging  technique, 
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a)  Power  = 0 Watt 


b)  Power  = 21  Watt 


c)  Power  = 32  Watt 


FIG . 13:  DECAY  OF  ELECTROSTATIC  ION  CYCLOTRON  '/AYE 
FROM  STEADY  STATE  AMPLITUDE  INTO  NOISE 


V = Arbitrary 
f ? = 260  KHz 
p = 2u 


- 1 5A 


H = 32.5  usec/cm 
Square  Wave  Frequency 
3,  = 106S  Gauss 


;00  Hz 
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EVOLUTION  Ox-  ELECTROSTATIC  ION  CYCLOTRON  NAV 
FROM  CNE  STEADY  STATE  AMPLITUDE  TO  ANOTHER, 
AS  BOTH  PUMP  LEVELS  ARE  ABOVE  THRESHOLD 
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g)  Power  = 101  Watt 


h)  Power  = 121  Watt 


.4:  EVOLUTION  OF  ELECTROSTATIC  ION  CYCLOTRON  WAVE 
FROM  ONE  STEADY  STATE  AMPLITUDE  TO  ANOTHER, 

AS  30TH  PUMP  LEVELS  ARE  ABOVE  THRESHOLD  (Cont’d) 


in  frequency  due  to  temperature  increase  has  been  mentioned 


r 


* 


earlier.  Effects  of  ether  parameters,  such  as  neumral 
pressure,  baffle  current,  or  static  magnetic  field,  are 
not  obtained  because  of  the  limited  range  these  variables 
can  be  varied.  Any  change  beyond  this  detunes  the  plasma 
background,  making  it  no  longer  conducive  for  parametric 
decay  instabilities. 


i 


IV -4  INTERPRETATION  0?  RESULTS 
A-  The  Phenomenological  Model 

It  has  been  shown  in  numerous  papers  that  a high  fre- 
quency electromagnetic  wave  with  power  exceeding  the  thres- 
hold level  can  parametrically  couple  and  drive  various  na- 
tural modes  of  the  plasma  unstable.  These  waves  grow 
exponentially  in  time  from  the  noise  level.  This  has  been 
shown  in  our  sets  of  experimental  data  in  the  previous  chapter. 
Most  of  these  theories,  however,  show  the  exponential  growl : 
of  the  instability  out  of  the  noise  level,  and  not  from 
another  steady  state  level  already  in  existence;  often 
the  saturation  phenomena  is  not  incorporated  into  their 
theories  even  though  the  experimental  results  invariably 
show  that  instabilities  saturate.  The  theory  we  plan  to 

use  here  has  been  developed  previously  by  Klein  and 

lo  42 

Cheo;  71  it  would  be  modified  and  expanded  to  fit  our 
results.  A phenomenological  model  is  used  to  accurately 
describe  the  experimental  observations,  not  only  the  growth 
or  decay  depending  on  the  power  level  of  the  pump,  but  also 
taking  the  saturation  into  account.  Aside  from  the  simi- 
larity in  the  quasi -exponential  behavior  and  saturation  of 
the  amplitude,  our  model  shows  a drastic  difference  in 
form  which  agrees  well  with  our  experiment;  this  is  due 
to  the  difference  in  the  saturation  mechanism. 

3efore  we  embark  into  the  development  of  the  chencme- 
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r.ological  model,  the  quasi -exponential  form  becomes  none 
evident  if  one  plots  the  amplitude  of  the  e_sctrosnaosc 
ion  cyclotron  wave  from  a set  of  decay  photographs,  versus 
time  on  semi-log  scale,  as  shown  in  fig-  15 • The  pi0"-5 
shew  a straight  line  behavior;  therefore,  the  evolution 
of  the  amplitude  can  be  approximated  as  an  exponential  to 
obtain  rough  estimates  of  the  initial  decay  race. 

The  amplitude  of  the  wave  decays  or  grows  depending 
on  the  value  of  the  microwave  power.  Thereicre  tne  pheno- 
mena can  be  described  by  a differential  equation  of  the 
form  similar  no  Nishikawa ' s , except  cor  tne  saturation 


ft  * - C2>  A - V"’ 


(4.1) 


The  term  C1  is  the  coefficient  which  couples  the 

microwave  pump  and  the  excited  ’waves  through  non-linear 

Lh. 

interactions. ' C 2 represents  the  linear  damping  of  the 

wave,  accounting  for  the  natural  phenomena  which  cause  the 
wave  to  damp  unless  a threshold  level  of  the  rump  power  is 
exceeded.  C,An  is  the  non-linear  damning  term  which  cause: 


the  amplitude  to  saturate  instead  of  growing  indef initely . 
n is  an  integer  whose  Value  can  be  obtained  through  experi- 
mental data.  C1 , Cg,  and  are  assumed  to  be  independent 
of  time  and  newer.  The  solution  of  equation  (4.1),  for 
n positive,  is 


h Z 


/ 


A(t) 


Ao  C3  (enyt  _ 1}  1/n 

y 


(4.2) 


where  AQ  = A(0)  , the  initial  amplitude  of  the  wave, 
y = cxp  - C2 


(4.3) 


y is  the  imaginary  part  of  the  complex  frequency  w of  the 
electrostatic  ion  cyclotron  wave,  namely 


(4.4) 


and  fi.  is  given  by  the  disrersion  relation 

A.  - 


2 

De 


(4.5) 


with  fl.  = ion  cyclotron  frequency 

= wave  number  of  the  electrostatic  ion  cyclotron  wave 
= temperature  of  the  electron,  in  eV 
M = ion  mass 

Debye  wavenumber 

Equation  (4.2)  describes  the  evolution  of  the  wave 
amplitude.  The  value  of  y is  critical  to  determine  whether 
the  wave  will  grow  or  decay;  it  can  be  'written  as 

y = C^(P  - P jpj)  (4.6) 


17° 


nearest  integer,  which  is  found  to  be  2. 


Therefore,  our  experimental  observations  are  best  des- 


cribed by  the  following  equations 
dA  _ yA  - C_A3 

dt  ^ (4.11) 


A(t) 


A 6 
0 e 


yt 


1 + A, 


C^e2^ 

y 


(4.12) 


arid 


A(  od  ) 


= ci2  <? 


(4.13) 


From  the  expression  for  A(t)  and  from  fig.  15,  it  is 
apparent  that  the  amplitude  indeed  follows  the  exponential 
form  only  for  small  values  of  t.  For  y negative,  the  ampli- 
tude decays  quasi -exponentially j the  deviation  from  the 
regular  exponential  curve  depends  on  the  ratio  AQ  C^/fy], 
or,  in  terms  of  power  levels,  ?TH/ j P - ?TH  | # This  last  r95 

is  obtained  by  using  a typical  value  of  ?=  2PTK  for  y po- 
sitive case.  A plot  of  A(t)/A  versus  yt,  for  = 65  watt, 
and  for  various  values  of  AQ  C^/jyj , is  shown  in  fig.  17- 
An  exponential  decay  curve  is  also  shown  for  comparison; 
it  is  obvious  that  the  curves  can  not  be  approximated  by  an 
exponential,  especially  for  those  power  levels  close  to  the 
threshold.  Therefore  the  results  obtained  by  using  the  expo- 
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nential  curve  give  us  incorrect  values;  for  example,  the 
value  thus  obtained  for  y-intercept,  i.e.  values  from, 
fig.  15,  is  found  to  be  about  twice  the  natural  damping 
term  from  the  expression  (4.12).  As  for  y positive,  the 
amplitude  of  the  wave  definitely  grows  and  saturates 
according  to  (4.12).  The  steady  state  amplitude  is  giver 
by  (4.13),  independent  of  the  initial  amplitude  A . New 
we  have  developed  the  proper  model  to  describe  ar.  observa- 
tions, we  then  proceeded  to  analyse  the  data  for  tr.e  decay 
and  growth  process. 

B-  Calculation  cf  Decay  and  Growth  Rate 

The  set  of  decay  photographs  in  fig.  13  is  used  to 
evaluate  the  decay  rate  y.  Since  we  have  already  discussed 
in  the  previous  section,  we  can  not  use  the  method  of  e- 
folding  time,  i.e.,  the  time  for  the  wave  amplitude  to 
decay  to  0 . 37  of  the  initial  amplitude  A , nor  the  method  of 
obtaining  the  exact  decay  time  for  the  wave  amplitude  to 
reach  the  noise  level.  However,  the  envelope  of  the  de- 
caying amplitude  can  be  followed  quite  clearly  through 
the  photographic  averaging  technique.  Using  the  experimental 
values  of  P^-j  and  P,  the  normalized  amplitude  A(yt)/AQ 


obtained 

from 

(12) 

is 

plotted  first.  Then 

the 

experimen- 

tal  data 

from 

13 

are  fitted,  by  trial 

and 

error,  int 

these  cal 

cuiat 

ed  c 

urves  by  choosing  the  proper 

values  of 
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where  is  the  experimentally  obtained  steady  state 
amplitude  for  the  power  level  in  question.  Again,  from 
the  fitted  curves,  the  values  of  the  growth  rate  y is  cb- 
tained  by  matching  the  experimental  time  t with  the  corre- 
sponding value  of  yt.  Fig.  21  depicts  the  plot  of  the 
growth  rate  y as  a function  of  the  pump  power,  and  it  shows 
clearly  the  linear  relationship  between  the  two.  Extrapola- 
ting the  straight  line,  we  obtain  the  threshold  power  at 
the  interception  with  the  a'ccissa.  The  value  of  the  slope 
is  fairly  close  to  the  value  obtained  earlier.  This  is 
expected  since  the  theory  and  equation  (4.3)  held  for  both 
cases,  and  the  data  have  been  obtained  at  the  same  time. 

The  two  se~s  ox  data  are  dotted  together  ^ n — . 21 
The  slope  and  the  threshold  power  are  clearlv  shewn,  a~d  a 
brief  summary  of  their  values  are  given  below: 


Threshold  Power  P™-- 

i m 

Electric  Field  Strength 
slope 

y-  intercept  C2 


63  watt 
16  V/cn. 

1.2  x 10 V sec  >/ 
7.5  x loVsec. 


The  electric  field  strength  inside  the  plasma  cor- 
responding to  threshold  power  ?TH  is  obtained  by  using 
TE10  mode  of  analysis.  Knowing  that  the  plasma  beam  is 
small  compared  to  the  cross  section  of  the  can  (radius  of 
1 cm.  and  8 cm.  respectively,  or  cross  sectional  ratio 
of  1 : 64) , we  can  assume  the  electric  field  is  uniform 
throughout.  Using  the  Poynting  theorem,  we  obtain  an 
expression  relating  the  power  and  corresponding  electric 
field  as: 

P = Sp2  c x A in  cgs  units  (4.15) 

an" 


where  ? is  power  expressed  in  ergs/sec. 
c is  the  speed  of  light 

and  A is  the  cross  section  of  the  can,  approximately 

2 

equal  to  64  rr  cm 

E is  the  field  strength  expressed  in  stat-volts/cm. 


Since  1 stat-volt  is  equal  to  300  volts,  rewriting  the 
expression,  with  P in  watts  and  E^  in  volts/cm.,  we  obtain 


E 2 = 3-75  x P v2/cm. ' 


(4.16) 


2 

Erms  = 1.88  x P v2/cm.2 


(4.17) 
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C - Physical  Interpretation  of  C , , C2  and  C ^ , and 
Saturation  Mechanisms 

The  time  behavior  of  the  electrostatic  ion  cyclotron  wave 
is  governed  by  the  phenemenological  model  which  included 
some  terms  of  physical  importance.  These  terms,  which 
can  be  easily  calculated  from  the  plot  of  the  decay  or 
growth  rate  y versus  power  as  in  fig.  22  , are  compared 
with  the  theories  so  that  some  physical  insight  can  be 
gained. 

In  terms  of  the  power  ?,  the  decay  rate  near  thres- 
hold is  given  by  (4.3),  as 

y = C1P  " C2  (4.18) 

The  value  of  is  obtained  simply  from  the  slope  of 
the  straight  line  in  fig.  22, 


where  AV  = difference  between  two  decay  rates 
and  A P = corresponding  power  difference 

A typical  value  of  is  1.15  x 10-ywatt-sec  • » id 
is  simply  a coefficient  coupling  the  pump  and  excited 
waves . 


The  constant  C2  is 
to  obtain  the  intercept 


found  by  extrapolating  the  straight  line 
of  the  ordinate.  This  point,  which 


corresponds  to  power  ? = 0 W is  the  natural  damping  rate 

4-  / 

C2.  The  value  obtained  from  the  graph  is  7-5  x 10  /sec 
The  intercept  o?  the  abcissa,  corresponding  to  a 
decay  rate  of  zero,  yields  the  value  of  threshold  power 
Pth»  which  is  found  to  be  around  65  W (average  value). 

In  terms  of  threshold  power,  equation  (4-.  IS)  can  be 
conveniently  expressed  as 


y - c1(F  - PTH)  (4.20) 

and  the  natural  damping  rate  as 

^2  = ^l^TK  (4.21) 

These  results  have  been  used  earlier  in  (4.6)  to  obtain 
the  expression  for  the  saturated  amplitude. 

The  physical  interpretation  of  the  term  C2  can  be 

n 

obtained  from  the  coupled  mode  theories,''  as 


Therefore  the  natural  or  linear  damping  frequency  v. 
is  twice  the  value  of  the  intercept  at  power  P = 0,  more 
specifically, 

= 1.5  x 10-Vsec. 

Now  this  value  is  used  to  compare  with  the  damping 
due  to  ail  possible  mechanisms.  Even  though  the  ions  are 
rotating  around  magnetic  field  lines,  the  electrostatic 
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ion  cyclotron  wave,  consists  of  ion  bunching,  and  the  elec- 
trons play  no  role  hut  to  conserve  the  charge  neutrality 
and  field  shielding.  Therefore  the  main  contribution  to 
the  damping  of  the  wave  in  question  is  due  to  ions  only, 
while  for  the  high  frequency  mode,  electron  involvement 
is  predominant.  There  are  two  kinds  of  damping  to  be  con- 
sidered, either  the  ccllisional  or  Landau  damping.  The 
Landau  damping  for  both  species  is  negligibly  small,  not 
only  because  of  the  large  ratio  of  k^/k,  but  also  because 
of  the  direction  of  wave  propagation  of  k being  perpendi- 
cular to  static  magnetic  field.  Therefore,  the  dominant 
phenomena,  with  values  close  to  our  experimental  results, 
can  be  collisional  damping  among  the  species,  namely  the 
collision  due  to  electron-neutral  and  ion-neutral;  others, 
such  as  electron-ion,  ion-ion  and  electron-electron  are 
too  small  to  be  involved. 

The  value  of  the  electron-neutral  collision  fre- 
quency vQT  i which  plays  an  important  role  in  the  damping 
of  the  high  frequency  instability,  is  obtained  by  assuming 
the  thermal  speed  of  the  electron  to  be  1.03  x 10w cm/sec, 
which  corresponds  to  our  experimental  electron  temperature 
of  2 eV.  From  J^Brownj  , we  have  the  relation 


v - p P v 
en  yo  c e 


(4.23) 


where  P = probability  of  collision,  related  to  the  cross 
c 
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The  last  coefficient,  namely  C^,  can  also  he  experi- 
mentally calculated  using  our  phenomenological  model. 

However,  it  is  not  of  interest  to  solve  for  exclusively; 

2 

we  choose  to  obtain  the  term  C^A  for  being  more  experi- 
mentally feasible  and  physically  meaningful.  The  first 
point  lies  in  the  fact  that,  although  one  can  measure  the 
voltage  oscillation  on  the  scope  easily,  in  reality  A is 
the  electric  field  strength  of  the  wave.  The  second  point 
becomes  apparent  by  examining  (4.1),  rewritten  here  with 
slight  modification 


= yA  - (c3a2)a 
,2  4 


(4.26) 


Thus,  Cy\  is  simply  the  non-linear  damping  term  causing 
the  saturation  of  the  wave  as  explained  earlier;  now,  we 
proceed  to  solve  for  this  value. 

At  saturation  or  steady  state,  we  obtain  from  above 


c3a£ 


y 


(4.27) 


For  a fixed  cower  level  ?„  which  gives  y = C-,F0  - C „ 
positive,  the  amplitude  of  the  wave  begins  to  grew  with  no 
influence  from  the  saturation  term.  Therefore,  to  obtain 
a reading  of  y,  one  must  use  only  small  t.  A snapshot  of 
the  growth  experiment  is  shown  previously  in  fig.  lib,  for 
this  purpose.  The  amplitude  is  growing  from  0 W to  ISO 
W.  The  growth  rate  y is  experimentally  obtained  from 
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fig.  lib;  and  we  have  obtained  a value  for  the  non-linear 
damping  C-.Ar  = 1.4  x lO^/sec. 

Now,  we  proceed  to  find  a saturation  mechanism  which 
agrees  with  our  experimental  findings.  Recalling  in  fig.  16, 
the  plot  of  saturation  amplitude  versus  power,  we  have 
found  that  the  proper  value  of  n is  2.  Among  the  ex- 
perimental results,  we  have  observed  the  harmonic  gene- 
ration process  take  place  (see  fig.  12).  Thus,  we  should 
examine  whether  this  is  indeed  the  phenomenon  which  can 
contribute  to  the  wave  saturation.  The  harmonic  generation 
process  can  be  described  mathematically,  in  a simplified 
form,  as 


dA, 


^ i A0  = C . A 


12 


A "1 


(4.23) 


where  , A,  are  the  amplitudes  of  the  2nd  harmonic  and 
fundamental  signal , 

y f is  the  linear  damping  term  of  the  2nd  harmonic 

2 

and  is  a constant  coefficent;  A^  is  just  the 

energy  acting  as  a pump  to  the  harmonic  generation  process. 
So , at  steady  state , we  have  s , 

,2 


V-2  = CAA.i 


(4.29) 


Now,  at  equilibrium,  the  energy  being  lost  by  the  funda- 
2 

mental  , must  be  equal  to  the  energy  gained  by  the 
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, . 2 
harmonic  to  overcome  the  natural  damping  y^A2  » where 

^N1  ~s  non-linear  damping  term  of  A,  . 

Writing  this  equilibrium  condition,  we  have 

y ^ ^ = y 4 2 
NLa1  1A2 


(4.30) 


Solving  for  7^,,  and  using  (4.29) 
y = y ( C:i_Ai ) 2 _ c a 2 

7NL  1v  7x  ' C4A1 


where  we  have  set  Cl  = A 

>1 


(4.3U 


Therefore,  we  have  shown  that  the  harmonic  generation  pro- 
cess does  give  us  a non-linear  damping  which  is  proportional 
to  the  square  of  the  amplitude. 

Experimentally,  this  value  can  be  obtained  from  (9-. 30) 


y = y (-^)2 

NL  l'A, ' 


(4.32) 


Since  the  value  of  A2/A^  is  approximately  0.53,  talcing 

Is  . 

bandwidth  into  account,  consequently  y^_~2.i  x 10  /sec  is 

. 2 

more  than  one  order  ox  magnitude  smaller  than  C^A 

(1.4  x lO^/sec) , and  we  conclude  that  harmonic  generation 

i 

is  not  the  dominant  saturation  mechanism. 

i 

A second  phenomenon  which  also  corresponds  to  the 
n = 2 case  is  the  anomalous  diffusion.  This  diffusion 
process  is  net  due  to  binary  collisions  of  different  species 
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as  in  classical  diffusion.  Briefly,  we  can  use  the  quasi- 
particle point  of  view  to  explain.  As  the  excited  insta- 
bilities can  be  treated  as  corresponding  to  bunches  cf 
quasi-particles,  the  number  of  quasi-particles  are 
related  proportionally  to  the  square  of  the  amplitude. 
These  extra  quasi-particles  thus  can  give  additional 
pressure  to  the  plasma,  and  cause  the  ions  to  diffuse. 

Using  the  results  developed  by  Kuo,  we  nave  an  _ 
expression  for  the  non-linear  damping  due  to  anomalous 
diffusion, 


D 

y 

NL 


(4.33) 


where  c is  the  speed  of  light 

30  is  static  magnetic  field  strength,  equal  to  10SS  C-auss 
is  the  wavenumber  of  the  electrostatic  ion  cyclotron 
wave,  calculated  from  (4.5),  its  value  is  found  to 
be  7* 5/cm 

A is  the  amplitude  of  the  wave,  in  stat  volts/cm, 
calculated  experimentally  from  the  oscilloscope 
signal ( strength  of  0.12  volt,  i.e. 

k.  x 0.12 

A ~ 300 in  volt/cm 

C2  is  the  experimental  natural  damping  m te,  which  equals 
0.75  x 10^/sec 
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r is  coefficient  relating  the  two  field  components, 

SL 

and  is  greater  than  0 or  less  than  1;  i.e. 

Ay  = raAx 

It  is  the  y-  component  of  the  field  that  causes 
the  anomalous  diffusion. 

Since  we  do  not  have  the  value  of  r or  A , we  can 

a y 

still  check  whether  the  non-linear  damping  is  caused  'ay 
diffusion  if  we  substitute  all  known  parameters  into 
(4.33)  and  find  out  later  whether  r is  indeed  less  than  1. 

3. 

From  (4.33),  we  obtain 


7NL  = 6.42  x 105  ra2/sec 


(4.34) 


Now,  the  total  non-linear  7 has  been  found  to  be 

w lNlj 

c.  . . n 

1.4  x 10-ysec  and,  7 , damping  due  to  harmonic  generation 

is  0.21  x 10^/sec  then, 

7^  - y _ 7 *'  = 1 2 x 10-^/sec 

NL  NL  NL  L /sec 

From  the  last  two  equations,  we  have  r = 0.43,  which 

di 

is  a reasonable  value.  Therefore,  we  can  conclude  with  a 
degree  of  certainty  that  the  non-linear  damping  mechanism 
is  due  to  anomalous  diffusion. 

Applying  this  value  of  r to  another  set  of  data,  with 

cL 

voltage  amplitude  of  0.14  volt  and  the  non-linear  damping 

2 c 

C-J  A1  term  to  be  1.1  x lOVsec,  the  anomalous  diffusion 
term  is  found  to  be  ■ * 


! 


YX-  = 1.7  x 10 v sec 
NL 

The  two  values  are  of  the  same  order  of  magnitude,  and 
this  further  bears  out  our  hypothesis  that  the  anomalous 
diffusion  oroeess  causes  the  saturation  of  the  electrostatic 
ion  cyclotron  wave. 


' 


D-  Derivation  of  Modes  Involved  in  the  Parametric  Experiment 


In  this  section,  we  derive  the  dispersion  relation  for  a magnetized, 
infinite,  and  homogeneous  plasma  via  the  kinetic  model,  and  show  that 
the  modes  involved  in  our  experiment  are  indeed  the  harmonic  of  electron 
cyclotron  and  the  electrostatic  ion  cyclotron  waves.  Although  the  formal 
derivation  starts  with  the  set  of  Vlasov-Maxwell  equations  which  provides 
a complete  kinetic  description  of  the  plasma,  we  use  the  perturbative 
method  to  obtain  the  macroscopic  plasma  response  to  a given  electromag- 
netic disturbance.  The  dielectric  tensor,  which  contains  all  the  informa- 
tion about  the  electromagnetic  properties  of  the  plasma,,  is  determined 
from  the  calculation  of  the  plasma  response  to  an  electric  field  disturbance 

iw  r , "1 

oE,  which  gives  us  an  induced  current  o J = — — e (k  , ->  )-  Jr . 6 E(k  , w )J 
We  start  with  the  Vlasov  equation 


3f  3f  q v 3f 

CTO  TO  , ff  ,r  . ~ m 

r—  + V . — r + (Er-xB  . — - — 

3t  ~ 3r  m ~ c ~ 3v 


CTO 


= 0 


(U* 


where  a - e,  i , designating  the  species  involved,  and  the  distribution 
function  is  already  normalized  as 


n (r,  t)  = n /f  (r  , v , t)  d v 

(J  (J  J CTO  ^ -v- 


(2) 


Assume  an  electric  field  disturbance  of  the  form 

oE  exp  [i  (k. £ - w t)l  + oc  (3) 

Then,  associated  with  this,  and  through  Maxwell's  equation,  we  have 

6B  exp  f i(k.  r - « t)]  + cc  = ( — )(kx6ET  exp  f i(k.  r - «t)l  +cc  (4) 


Equations  in  this  section  are  renumbered  sequentially 
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and  integrating,  we  obtain 


6f_(v)exp  [ i(k.  r-^t)]  =-  — 


' ^3fao(r,)  1 r 


a 


-li  3z'  J‘L 


V* 

• i (1-  )1  + 


or 


6f  (v)  = - 
a ~ m 


=°r9f  (y1) 


(7  O 


CTO 


3v 


k- v1  k v1 

U-  ^ >1  + ^ 


. 6E  exp  j -id  (r) 

L 


■ ] . 5E  exo  [ L( 

I — ’ k 

J 

k.r  1 -ut‘)  J dt1 
dr  (9) 


wnere 


6 (t)  = k . (r-r1)  - u T 

•‘N—  — 

r = t - t* 


r = r(t)  v = v (t) 

r’=  r(t')  v'  = v(t') 

Now,  we  can  obtain  an  expression  for  the  induced  current  S J from 

the  expression  for  6 f_(v),  as 


6 J = £ a n v of  (v)dv 
a 

_ 2 , 
q n Z it  x 

- - ^ — - — — / d 9 / v d v 


m 


J 

~<J  O O “ ~ -~-C 


rr 

3W'’'>  1 

u 

tiT  v 

3v‘ 

1 ' 

L 

J 

. 

k v* 

- 

- 

4.  ~~ 

U 

exp 

-i  d (- 

■) 

J 

. 

_ 

a-  =3=)i  + 


(10) 


Since  , by  definition  t we  know 
6 J = ct  5 E 


and  £ = L 


4 IT 

— £ 


(11.  a) 
(ll.b) 


The  expression  for  the  dielectric  tensor  g is  simply  octal- 
ing  eqs.  10  and  11,  or 
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= (k,y)  = 1 + 2.  “G 


u - 2t  » x x r S£  <v')  -j 

r 11  • • /•  f . 1 (TO  -n*  I 


| d 9 jv  dv  f dv  Id 

O "o  1 “ -5C  11  o 


V I — « — • 

n “ ~ L j L 


_ k.  v1  kv' 


exo 


- io  ( t) 


4 ttQ  “n 

• :tv  u 2 r the  plasma  frequency 

oa  m 


(12) 


Before  carrying  out  the  integrations , we  choose  the  orientation  of  the  vector 
k , without  losing  any  generalities,  on  the  x-z  plane  as  shown  m tig.  23, 

then 


k = k x 4 k z 

~ j.  it 


(13) 


Assume  the  distribution  function  £ is  Maxwellian  tor  each  species 


2 2 
v + v 


a as  , 

. - v + V *1 

f (v)  = f (v  , V ) = ( ttV)  “ e*?  I - ~ f-  ! 

o~;  o „ 2n-  T L 2iT/m)-l 


Omitting  the  algebraic  calculation,  we  find 
2 


( 14) 


u 


e (k,-J ) = L - I 


oa 


wr.e  r e 


a (2„  , * inH 


a n 


hc 


r a 

> 

00  z „ 

1-W(za)  1 
n 

a2  ' * . 

- z z z\ 

O i 

\n=-M  Z 
k r* 

k 

J 

„ <3,1  * A1  <*V 

1 1 

a 

Ik 

i J7  2r*  ' 

'in 'V'V  7"  Anf/V"2f3a  \ 


It 


n a 


za  A (5  ) i — zc  A (3  ) Z7“  a (3 

zn  A n r'<J  ii.  i n n “a  n n « 


4**  n n a 


|k,,' 
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<r 

z 

n 


u - n ^2 


= 


M<W1/2 


k2T 
i a 

m n2 
a a 


An(/V  = W exp  ('^ 


th. 

where  I is  the  modified  Bessel  function  of  the  n order 
n 

l 2 

W(z)  = f — — exp  ( - —r~  ) dx  . 

J x-  z r 2 
V 2 it  — 


where  c is  the  integration  contour,  which  is  deformed  in  such  a way  that 
point  z is  always  above  the  path  of  integration. 

From  the  dielectric  tensor  e (k  ,u),  we  can  now  obtain  the  dielectric 
response  function,  e^(k,u)  which  gives  us  the  longitudinal  properties  of  the 
plasma,  and  the  dispersion  relation  of  longitudinal  modes 


e jjk.u  ) = 


k.  e (k.^  ).  k 


=1  + Z 


k 2 
' Do 


w -nH 


cr  k 


^ r+„r“— ri 


-i) 


n 


A oj 

n cr 


d et  e - 


kc  .2 
w 


L T 


0 . 


(16) 

(17) 


From  the  dispersion  relation,  we  can  now  consider  waves  propagating 

perpendicular  to  the  magnetic  field.  For  this  case,  k = 0 and  k ^ 0 , 

ii  i 

and  using  the  same  configuration  as  given  in  Fig . 23  , the  dielectric 

tensor  is  written  in  the  following  form: 

-i€ 


/ €1 


e,  (k.-o)  = 


/ 


1C 


\ 


(16) 
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T- — 


where 


Cjtk.uO.l-I 


(nSJ‘ 


a 

Ljyj 

k2 

- E . A ( 

cj  (u  -nil  ) n 

n a 

0 \ 

A(/3J- 
n a 

2^a 

k2 

n 

u(u-nH  ) 
a 

z 

n 

(19. a) 


(19. b) 


u 


€3(k*u)  u^rrAn 

a u n a 


(19.  c) 


u 


€ (k,u)  =2  — ^ E — ■o  r.A  (3 

x 2 u-n.9  n 

<7  u n 


( 19.  d) 


Substituting  the  result  for  g (k  , w)  into  eq.  17,  we  obtain  two  equations: 
k c .2 


A) 


= e 


(20) 


This  coresponds  to  the  ordinary  mode,  with  polarization  (transverse  mode) 


E^O  and  E = E =0 
z x y 

3)  (^)2  = -4-"X 


(2  1) 


1 


This  is  the  extraordinary  mode,  with  polarization  (hybrid  mode). 


k c ,2 


e , - (—  ) 


E =0 
z 


(22) 


From  eq.  21  and  eq.  22,  we  note  the  following: 


1)  as  k — x , — 0 or  E — -0 

i y 


Therefore,  in  the  limit  of  large  k,  we  have  the  E component  only,  or  purely 


longitudinal  mode  as  the  direction  of  propagation  k = kx 
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Z)  as  k — 0,  we  have,  from  eq.  19  e ^ = € ^ > and  from  eq.  21,  € ^ = +€ 
E 

or  — £.  = + i,  the  wave  becomes  right  or  left  hand  circularly  polarized. 

E — 

y 

Examining  the  individual  cases  in  greater  detail: 

B1  - * For  k — jo  , or  € 1 = 0 * 
a)  for  high  frequency  case,  neglecting  the  ion  terms, 


£i=1 


. 2 - u(u-nf2  ) n 

k n e 


Assuming  also  that  we  have  strong  magnetic  field  and  cold  plasma,  i.  e. 


Pe  = -=— f < < 1 . 

m fl 

e 


* In  the  frequency  ranje  of  D < w < 2 1 
■ ; — e e 


ea.  23  becomes 


kn  w qZ 

1 - — 2 A.  (3  ) = 0 

k u(u-n-) 

e 


k T .2  w" 

since  2 A,  (p  ) ~ p = q6 — = 5 ? 

1 ^e  ^e  nil-!  , i 

e ** 

De  e ^ 

k 

2 2 2 

^De  ^De  W oe 

we  obtain  further  approximation  of  1-  — ^ 5 

“ . *-  O*- 


K ^ --- 


Or  finally,  we  have 


2 2 2 

Upper  Hybrid  Resonance:  u = 0“  4-  u 

— rr  . — e pe 


* In  the  frequency  range  of  w = n | ft  | (1  + A n ) , n > 2 

k~  ^1 22.v (3  ) k=,  (nn  )2a  m ) 

, De  e 1 'e  De  e n 'e  _ n 

1 - ? 22*2  7 ^ 

k w(u  -IT)  k . fn^)  An 


eq.  23  becomes 


210 


or 


1 - 


oe 


*5e 


A 


.2  f-,2 


solving  for 


An  = 


K 

k2  A 
De  n 


An 


= 0 


< < 1 


o r ^ 

k [‘-y? 


(n  -1)8 


Z 2 

And  for  warm  plasma,  as  k — x>  , fi  > > 1 are  k“  > > k 


De 


ea.  23  becomes:  1 


or,  again, 


k2  (nP.  )2A 
De  e r 


An  = 


k2  (uP-  )2An 
e 

kDA«c' 


< < 1 


(25. a) 


Thus,  knowing  An  < < 1 , we  have 


Bernstein  modes: 


w = n 


I o 


( 1 + An)  . 


(25.  b) 


b)  for  low  frequency  case,  no  longer  rejecting  the  ion  terms,  we  have. 


fo  r Q . < w < Q , 
l e 


from  eq.  23 


2 

^De  v 


kX  (nG  ) A (3. 


kDi  „ "i»2A„l«i> 


2 w (cj  - nD  ) 

k n e 


2 ^ u(u-nS2.) 

k n i 


= 0 


Since  « < < C2  , and  3.  < < 1 for  cold  ions,  we  have 
e i 


(nne)feyge) 

n "(“-n£Je) 


-*e  • 


and 


2 Aj  (j3.)~/3. 


Then,  the  equation  can  be  further  reduced  to 
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0 


1 -r 


pe 


D“ 


k 2 
Di 


u(u2-n.2) 


or 


1 + 


pe 


2 o2 

GJ  - \i  . 


= 0 


Solving  for 


7 „ 2 
:!2, 

1 


PI 


1 + 


pe 


u 2 + n a 
_ O o pe  e i 

e "■  p 2 w 2 
e ' pe 


(26) 


which  corresponds  to  Lower  Hybrid  Resonance 


32-  * for  k — 0 , or  £,=+_£ 

1 X 


Considering  only  high  frequency  modes,  thus  rejecting  ion  terms, 


case  a)  for  e = - e , right  handed  circularly  polarized  waves,  using 
1 x ~ 


eq.  19,  we  obtain 


k 2 (nSl  )2 
De  r e 


1-jS  gj  (ui  -n~n  )-V^  = - -sf-Zzr^r*W 

k n e w n e 


(27) 


k — 0 , j3  < < 1 , setting  -J  = n | D | (1  + An)  , where  An  < < 1 (28) 


J oe 


For  n = 1,  values  substituted  into  eq.  27  would  give  A = — , then 

e 

conditions  set  on  eq.  2c  would  not  hold,  therefore  n cannot  be  1 . 


For  n >_  2,  w =n|£2  | (1  + An)  , and  An  < < 1 eq.  24  yields 


1 - 


pe 


2 o2 


De 


nP-  A 

e1  r. 

? •> 
k nP  j "An 


cj  “ gjP 
oe  e 


w “ nuA1 
oe  n 


2 2 o 2 


I nnj 


(29) 


After  some  simplification,  we  obtain 
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w 


-2e_ 


n(n-l)0“ 

e 


i >•  k u4 

-r-  , -S?  A + oe 

An  ' 2 ' n 

L k nQ 


T -v-  ' 


1 

An 


1 

A n 


r k 


pe 

2 


(i  A 
n n-1 


nJ 


8 A 
e n 


pe 


nA 


2 ‘^n-l 


Solving  for  An 


A n = 


oe 


A .(p 

n-1  ^ a 


nil 


o 2 “n-l'^V 


oe 


< < 1 


and 

we  have 


n(n-l)f2“ 

e 


“ = n|r>e  j (1  + An 


for  n > 2 


(30.  aj 


(30.  b) 


It  is  o:  interest  to  point  out  that  equation  30.  a 
frequency,  An  changes  sign  from  - to  + , which  is 
the  dispersion  curve  later  m this  section. 


» for  given  plasma 
important  when  we  plot 


ase  b)  .or  left  handed  circularly  polarized  waves. 

Similar  to  previous  case,  the  same  development  is  followed,  and  we 

obtain 


w = n f “e  ! (1  + An)  for  n > 2 


and 

e ’ 

(31. a) 

<*>  A (S  ) 

An  = De  n e 

nO^  oj  ^ 

e ^ oe 

(31.  b) 

n(n-f-l)Q2 

e 

• * 

with 

An  always  > 0 .. 

213 


Now,  we  turn  to  equation  16,  and  conside;  the  range  of  frequency  as 

and  these  range  of  v .ues 


< < 1 , 


| k |M- 


— > > 1 


and 


u-n!2 


Ik  I. 


0_ 

m 


> > 1 


for  i 0 


3 < < 1 
e 


and  ft.  < < 


W 


jj 


i k | 


1 and  W 


j-nf2 


ii 


V n 


e o' 

Using  these  values  in  ea.  16,  we  obta  i: 


= 0 for  n ^ 0 


, (k,»  i = i + . 4 

L k2  k2 


nfi. 

^ M-nfl.  An  ' i} 
n i 


= 0 


1 + 


De 


kDi  '^i/rnl 


,2  2 02 

k u -Q. 

l 


which  finally  leads  to 
k2T 

w2=  ^2  + Te/M.i 

1 l+k 

De 


This  is  the  electrostatic  ion  cyclotron  m ie. 


(32) 


(33) 


Summarizing  these  results  obtained  n this  section,  we  have  derived 
from  the  dielectric  tensor  e (k  , «),  the  ispersion  relation.  From  the 
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range  of  frequency  and  direction  of  propagation  of  interest  to  us  , we  ob- 
tained the  expression  for  the  modes  which  are  involved  in  our  parametric 
experiment,  namely, 

As  k — w 


Upper  hybrid  modes,  from  eq.  24;  w 2 = Q2  + oj  p 2 

e e * 

Bernstein  Modes,  from  eq.25.b:  u = n |l2g  j (1  + An)  where,  from  eq.  25.  a 

3 &VV  < < , 


Lower  hybrid  modes,  from  eq.  26:  to  2 = 122  + ~ EL 

i 


u + 12  12. 

o o oe  e i 


1 + 


03  2 

pe 


e'L  122+.2 

e pe 


As  k — 0 

Right  handed  circularly  polarized  waves,  from  eq.  30.  b 


w = n i 12  I (It  An)  , n>2 

P — 


U) 

where,  from  eq.  30.  a:  An  = -ge  A (3  ) 

n!2 2 n'lHe 


Left  handed  circularly  polarized  waves,  from  eq.  31, 
**>  = n 1 12  | (1  + An)  for  n > 2 


< < 1 


pe 


n(n-l)12 

e 


where,  from  31.  b:  An  = — 

n 12  2 
e 


W 


CJ 


n(n+l)  12" 


and 


Electrostatic  ion  cyclotron  mode,  from  eq.  33, 


OJ  = Cl.  + 


k Te/Mi 
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The  dispersion  relations  of  the  modes  we  have  just 
derived  are  plotted  in  fig.  24.  In  our  experimental  set- 
up, the  electron  cyclotron  frequency  fi  , for  3Q  = 1088 
Gauss,  is  3-05  GHz:  the  microwave  pump  and  the  high  fre- 
quency instability  with  frequencies  around  9.2  GHz,  are 
very  close  to  the  third  harmonic  of  the  electron  cyclotron 
wave.  Using  the  electrostatic  ion  cyclotron  dispersion 
relation  (33)  and  the  experimentally  observed  parameters, 
such  as  instability  frequency  of  260  KHz  and  electron 
temperature  of  2 eV,  we  obtain  a value  of  7. 5/cm  for  the 
wavenumber  of  the  electrostatic  ion  cyclotron  wave.  These 
values  and  others  have  been  tabulated  in  Table  l(pagel50). 


IV- 5. SUMMARY  AND  CONCLUSIONS 


We  have  described  an  experiement  in  which  microwave 
induced  parametric  decay  instabilities  have  been  investigated. 
Although  parametric  theories  predict  the  excitation  of  de- 
cay instabilities  with  a sufficiently  large  pump  which  can 
supply  enough  energy  to  the  coupled  waves  to  overcome 
their  natural  damping,  it  has  been  found  experimentally 
this  is  not  an  easy  task.  In  the  Polytechnic  Hollow  Cathode 
Discharge  device,  there  are  many  variables  that  must  be 
adjusted  to  their  proper  values  for  the  interaction  to  take 
place.  However,  once  this  is  achieved:  the  parametric  ex- 
citation takes  place,  and  various  characteristics  of  the 
interaction  have  been  observed.  Employing  a fast  pin  diode 
modulator  to  switch  the  microwave  pump  from  one  fixed  level 
above  the  threshold  to  one  below,  the  decay  process  of  the 
electrostatic  ion  cyclotron  wave  is  studied.  Continually 
increasing  the  variable  pump  level  until  it  exceeds  the 
threshold  value,  the  instability  no  longer  decays  into  noise 
but  to  a definite  steady  state  amplitude.  This  not  only 
illustrated  the  existence  of  the  threshold  power  level, 
which  is  an  important  characteristic  of  the  parametric  pro- 
cess, it  also  demonstrated  a linear  dependence  of  the  decay  ' 
or  growth  rate  with  the  pump  power.  A phenomenological  mo- 
del, which  incorporates  ail  the  observed  features  of  the 
wave  evolution  including  saturation,  is  used  to  interpret 


he  data. 


From  the  plot  of  y = C^P  - C£ , the  threshold  power 
level  has  been  accurately  found,  and  also  the  linear  dam- 
ping term  evaluated.  This  experimentally  obtained  na- 
tural damping  frequency,  compared  to  the  values  of  the  pos- 
sible collisions  that  can  cause  the  damping  of  the  electro- 
static ion  cyclotron  wave,  is  found  to  be  close  to  the  ion- 
neutral  collision  frequency,  thus  indicating  the  dominant 
decay  process  is  due  to  charge  transfer.  An  important  fin- 
ding of  the  present  research  is  the  saturation  mechanism 
of  the  wave.  Using  the  phenomenlcgical  model  and  the  ex- 
perimentally obtained  values  of  the  saturated  amplitude  as 
a function  of  power,  we  have  found  the  nonlinear  term  is 
proportional  to  the  square  of  the  wave  amplitude.  Plausible 
mechanisms  include  the  harmonic  generation.  But  comparison 
of  the  value  from  experimental  observations  to  the  theore- 
tically calculated  value  excludes  the  harmonic  generation 
process  as  the  cause  for  the  saturation  process.  Another 
mechanism  which  also  corresponds  to  the  n = 2 case,  i.e., 
saturation  term  proportional  to  the  square  of  the  amplitude, 
and  turns  out  to  be  the  dominant  saturation  phenomenon  in 
our  experiment,  is  the  anomalous  diffusion; 

Areas  possible  for  future  investigations  as  a continua- 
tion of  the  present  effort  are  several.  First  ion  and  elec- 
tron temperature  measurements  must  be  done  carefully  as  ion 
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heating  due  to  parametric  interaction  is  a desirable  result. 
The  measurement  of  the  wave  number  k is  still  to  be  done. 

With  this,  the  k-matching  condition  can  be  checked.  The 
HCD  device  has  built-in  capabilities  of  mixing  and  feeding 
other  gases.  Changing  to  a different  gas  to  recheck  our 
findings  is  also  a possibility.  From  the  present  mode  of 
operation,  the  plasma  has  teen  switched  to  become  a microwave 
induced  system,  this  has  also  shewed  promise  because  a 
less  noisier  plasma  is  attained.  Some  work  has  already 
been  done  as  an  extension  to  the  ore sent  research. 
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INTRODUCTION 


Plasma  parametric  instabilities  occur  u he n the  pump  amplitude 

exceeds  a threshold  which  depends  on  the  set  of  coupled  modes  and  on 

their  damping  effects.  It  has  become  of  special  interest  following  the 

recognition  that  such  processes  play  important  roles  in  the  absorption 

of  electromagnetic  power''.  Experimental  results  showed  that  parametric 

instabilities  may  form  a channel  for  efficient  transfer  of  electromagnetic 

energy  into  a rather  large  size  hot  plasma,  and  the  nonlinear  effects  of 

these  instabilities  may  introduce  a mechanism  which  heats  plasma  more 

2 

efficiently  than  classical  collisional  absorption  . Therefore,  most  of  the 

experimental  effort  has  been  expended  on  observing  the  plasma  heating 

rates.  Besides  plasma  heating,  theoretical  and  experimental  studies  of 

parametric  decay  instabilities  will  also  yield  information  about  the  linear 

and  nonlinear  damping  rates  of  the  instabilities,  and  the  development  of 

3 

plasma  turbulence.  In  the  previous  report  , a detailed  experimental  study 

3 24 

of  the  dynamics  of  the  process  had  been  given.  Klein  and  Cheo  ’ * introduce 

a technique  for  experimentally  determining  growth  and  decay  characteristics 
of  parametrically  excited  plasma  waves.  They  found  that  the  dominate 
linear  damping  mechanism  of  the  ion  acoustic  wave  in  their  plasma  is  due 
to  ionization  collisions,  not  due  to  ion-neutral  collisions  which  is  the  usual 
phenomenon.  Theirs  is  a unmagnetized  plasma,  while  this  effort  is  the 
continuation  of  their  experimental  study  into  a magnetoplasma.  Therefore, 
different  modes  are  involved.  Since  there  are  no  available  theories  for  our 
experiment,  a general  theory  is  also  developed  by  using  system  total 
Hamiltonian  approach  to  deal  with  the  problem.  Comparison  with  our  ex- 
periment has  also  been  made. 

Indeed,  the  detailed  ways  of  implementation  of  the  ideas  of  parametric 

2 

decay  instabilities  to  plasma  heating  is  still  developing.  Grek  and  Porkolab4", 
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Por’xolab  et  al.  , and  Oka'oayashi'  et  al.  had  performed  experiments  by 

shining  microwave  power  onto  a plasma  column  in  the  extraordinary  mode 

of  propagation  in  the  region  of  the  upper  hybrid  frequency.  Wavelength 

measurements  of  the  decay  waves  showed  decay  into  upper  hybrid  waves 

(and  Bernstein  waves)  and  lower  hybrid  and/or  ion  acoustic  waves.  It  was 

shown  that  significant  ion  and  electron  heating  occurred  only  above  threshold 

6 7 8 

for  parametric  instabilities.  There  were  also  se/eral  experiments  ’ ’ 

performed  in  the  regime  of  lower  hybrid  frequency  which  showed  parametric 
[ , decay  into  lower  hybrid  waves  and  ion  acoustic  waves,  ion  cyclotron  waves, 

ion  quasi  modes,  or  drift  waves  may  occur.  Again,  strong  plasma  heating 
was  observed  above  threshold  for  parametric  instabilities  (both  ion  and 
electrons).  Experimental  technique  to  observe  the  plasma  heating  rates  is 
by  using  a multigrid  energy  analyzer  to  measure  the  modified  electron  and 
ion  distribution  function.  Another  technique  is  also  developing  by  switching 
the  pump  power  between  two  levels  and  using  the  Fab ry- Pe rot  ir.terferome te r 
to  measure  the  ion  temperature  growth  rate. 

In  the  parametric  process,  the  incident  pump  wave  is  couples  to  two  or 
more  natural  modes  of  the  plasma  by  satisfying  both  conservation  of  frequency 
I and  conservation  of  wave  vector  relations.  The  frequency  mixing  allows 

energv  suDDlied  to  the  system  at  one  freouencv  to  be  converted  to  another. 

The  physical  origin  of  mode  coupling  mechanism  is  fairly  easy  to  understand 
on  a qualitative  basis.  From  linear  wave  analyses,  the  dielectric  tensor  of 


r 


are  satisfied. 

By  assuming  exp(-iut)  time  behavior  for  the  mode  of  interest,  decay 

or  growth  of  the  mode  will  be  decided  by  the  dispersion  relation  of  the 

system.  Therefore,  most  of  the  theoretical  investigations  are  directed 

toward  finding  the  modified  dispersion  relations  with  the  presence  of  a 

9 

pump  wave  in  the  system.  The  first  work  is  done  by  Silin.  His  theory  is 
largely  based  on  the  hydrodynamic  equations  for  a cold  plasma.  DuBois  and 
Goldman^  analyze  the  parametric  coupling  of  Langmuir  and  ion-acoustic 
* oscillations  based  on  a Green's  function  perturbative  method  (harmonic 

approximation),  which  is  restricted  to  the  case  when  the  radiation-induced 
energy  of  the  particles  is  small  compared  to  their  thermal  energy.  They 
showed  that  the  plasma  can  be  unstable  to  certain  applied  frequencies 
for  pump  power  above  a threshold,  a characteristic  of  parametric  excitation. 
Later,  Nishikawa,^  and  Lee  and  Su^“  used  hydrodynamic  model  and  obtained 
same  conclusions.  However,  in  order  to  justify  the  harmonic  approximation 
for  greater  intensities,  Jackson^  pointed  out  that  it  is  important  to  estimate 
the  range  of  frequencies  which  produces  instabilities  when  the  intensity  is 
( large. 

Parametric  coupling  of  electrostatic  waves  in  a magnetized  plasma 

14  15 

have  been  treated  by  Aliev  et  al.  / * by  Amano  and  Okamoto,  and  by 
Porkolab,*0’  and  others.  These  authors  used  the  linearized  Vlasov 
equation  with  self  consistent  potential  field,  which  can  be  solved  easily 
after  transformation  to  the  oscillating  frame  of  reference.  Alieve  et  al. 
found  the  frequency  range  of  a pump  wave  in  which  the  plasma  is  unstable 
turns  out  to  be  much  broader  than  in  the  case  of  a unmagnetized  pla.-ma. 
Amano  and  Okamoto  extend  the  theory  to  inhomogeneous  cases.  Porkolab 
analyzed  the  resulting  dispersion  relation  of  Aliev  et  al.  in  the  limit  of 
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weak  coupling,  and  obtained  threshold  powers  to  excite  the  upper  and 
lower  hybrid  (or  ion  acoustic)  modes  simultaneously.  He  also  introduced 

! 

a new  type  of  kinetic -di s sipative  instability.  All  of  the  above  investigations 
are  based  on  electrostatic  approximation  for  the  plasma  modes  and  hence 
valid  only  for  longitudinal  waves.  In  the  presence  of  a static  magnetic 
field,  most  of  the  plasma  modes  become  hybrid,  and  the  electrostatic  aoproxi- 
mation  holds  only  in  the  limiting  case. 

. 

In  this  investigation  a general  formulation  of  the  parametric  coupling 

equations  in  a homogeneous  magnetized  plasma  is  developed  by  using 

1 8 

Hamiltonian  approach.  The  coupling  coefficients  of  the  parametric 
equations  are  derived  from  the  collisionless  Boltzman-Vla sov  eauation. 

With  transformation  method  and  trajectory  techniques,  the  induced 
polarization  currents  are  derived.  Applications  to  various  forms  of 
s modal  coupling  are  given,  and  comparison  with  experimental  works  is 

made  whenever  possible. 

A set  of  experiments  in  the  Poly  HCD  plasma  was  performed.  A 
microwave  horn  is  mounted  at  the  end  of  the  plasma  beam.  In  order  to 
obtain  a quiescent  plasma,  a new  technique  to  create  an  uitrastable  micro- 
wave  sustained  plasma  is  introduced.  When  the  pump  signal,  at  9.  23  GHz, 
is  above  the  threshold  level,  the  second  harmonics  of  the  electron  cyclotron 
wave  and  the  electrostatic  ion-cyclotron  wave  are  simultaneously  excited. 

The  time  evolution  process  of  the  electrostatic  ion-cyclotron  wave  is 
studied  by  switching  the  microwave  pump  power  from  one  level  to  another. 
Linear  damping  rate,  initial  growth  rate,  and  the  threshold  power  can  be 
obtained. 

In  addition. the  nonlinear  saturation  mechanisms  observed  in  the 
experiment  are  discussed.  An  analysis  by  using  the  guiding  center 
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technique  was  made  and  it  is  established  the  nonlinear  damping  is  due 
to  the  anomalous  diffusion  produced  by  the  ponderamotive  forces  of  the 
instabilities.  Comparison  with  experiments  is  favorable. 
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V-2.  GENERAL  FORMULATION  FOR  THE  PARAMETRIC  EXCITATION 


L 


1.  Overall  Physical  Features 

It  is  well  known  that  the  vibrational  modes  of  a medium  will  modulate 

the  permittivity  or  polarizability  of  the  medium.  Assume  that  there  exist 

two  normal  modes  or  waves  ,S  and  L (e.  g.  , a phonon  and  a plasmon)  in 

the  medium  with  frequencies  w g and  in  the  linear  regime;  then  they 

will  modulate  the  polarizability  of  the  medium  resulting  from  the  density 

perturbation  of  the  medium.  The  problem  can  be  treated  mathematically 

by  expanding  the  electrostrictive  polarizability  <7^  in  a Taylor's  series  in 

terms  of  normal  mode  vibrational  field  5E  related  to  S and  SE.  related 

— s — L 

to  L 


•■•«ij=*ir  (35E  >o5EV 
J J sc r 


(3oE 


11 


1<T 


) SE 

O f J 


where  i,  j,  <r  =1,2,3  or  x,  y,  z 


where  the  Einstein  summation  convention  is  understood.  Hence  the  total 
induced  polarization  due  to  the  presence  of  a third  wave  field  _E  is 


, 3a>. . 3 <7. . 

P =<7-.E.=  ) 5E  ' ) 5E  ] E.=P?  + 5P.+6/?. 

l i]  1 L ij  3oE  o scr  ooE,  ' o f<r  J l i i 1 i 
J J J scr  icr  J 

3#. . 3(7* . 

where  6P.  = ) 6E  E.  and  £/?.  =(;..~1^  ) 6E.  E.  are  the  induced 

l 3oE  o scr  j ’ i 3oE.  o la  j 

so-  J la  J 

polarization  associated  with  the  Raman  and  Brillouin  effects.  Here  we 
have  assumed  J_E_J  >>  J 5 E_  J and  |_e[  >>  1 5 E,  | 


2.  Hamiltonian  Approach 

We  first  normalize  both  S and  L waves.  Assume  the  particles 
associated  with  S and  L have  reduced  masses  M and  m , momentum 
K and  JC,  displacements  Q and  U respectively.  The  displacement  and 
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momentum  variables  are  the  canonical  conjugate  pairs.  Hence  the  unper- 
turbed Hamiltonian  density  and  H^  are 

' os  o 1 


no  1 ® ^ ? 

V ' =i.  S [ — -r-r — + Mu  (k)  Q tk)  1 
os  2 cr  L M s — <r  — 1 


(2.  1) 


H(k)  tIs  +mu'  (k)  U2(k)  1 

o 1 2 a 1 m ‘ — - — - 


i <r  — 


(2.  2) 


where  us(k)  and  u^  (k)  are  the  resonant  frequencies  of  the  system  without 
the  pump  field,  and  the  field  associated  with  the  corresponding  modes  are 


6E  (k)  = - — — u2(k)  Q (k) K(k)  xz 

6 ,/n  e Jn~ 

o o 


(2.  3) 


5E  (k)  = ^ — u.2  (k)  U(k)  + -lS- 

~l  ~ e 1 eJK~ 

o o 


JC{ k)  xz 


where  u (k)  and  u.  (k)  are  the  resonant  frequencies  with  the  oresence  of 

s — l — 

pump  field.  nQ  is  the  background  electron  (or  ion)  density.  and  Q. 

are  cyclotron  frequencies  of  the  two  species  including  the  sign  of  the 
charge.  Here  we  also  assume  that  a uniform  magnetic  field  B z is 
applied,  and  the  plasma  is  singly  ionized.  It  is  easy  to  show  that  the 
Poisson  bracket  relations  hold: 


{Qa(k)  , K (k’)}  = 5(k,k')  6 


{u  (k)  , Jirjk  )}  = 5(k,k  ) 5 


The  pump  field  is  assumed  to  be  spatially  homogeneous  (dipole  approxima- 
tion). Hence  the  induced  polarizations  corresponding  to  the  frequency 


I 


components  in  question  can  be  expressed  as 


5P(k)  - ( 

si 


11  - •)  5E,+  (k)  E~  +c.  c. 


36E*  (k)  ° - j 

£<r  — 


(2. 


(k) 

6Pii 


da.  • 

aij  . - - - ..  . _+ 


95E*  (k) 
so-  — 


■)  6E  (k)E.  + c.  c. 
o sir  — j 


(2.  8) 


where  the  superscripts  denote  respectively  exp  (+-iwt).  Then  the  inter- 
action Hamiltonian  densities  for  S and  L are 


H(k)  =-$P(k)5E  .(k)  = 5P(k)  [—  — l—  w2(k)Q.(k)  + — (K(k)xz).] 

s si  si-  si  Le  s_  i1 

N o ^ o 


(2.  9) 


H.'(k)=-  6P.(k)6E,  . (k)  = - 5P.(k)[—  u 2(k)U.  (k)  +■ — — (jT(k)x£).] 

/ i l u-  h 1 e i — l — i — I — — — i 1 

Vn  e Jn 

o ^ o 


(2.  10) 


The  total  Hamiltonian  densities  of  the  S and  L are 


H(k)  =H(k)+H'(k) 


OS  s 


(2.  11) 


i 0/  i 


(2.  12) 


It  is  known  in  general  that  the  equation  of  motion  for  any  cononical  variable 
A is 


[^T  + 2 T 4 + r 2 ] A * { {A,  H},  H}  (2.  1 3) 

dt  at 

where  l/T  is  the  phenomenological  relaxation  time,  and  H is  the  total 
Hamiltonian  density.  (2.  13)  together  with  (2.  1)  to  (2.  12)  can  be  used  to 
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I 


fcL_ 


d“  d 7 '2  mw.(k) 

f^T+2ri^  + (r7+wi  = — ~r  5zl 

dt  n e 

o 


’ 7 2 
mu  (k)f> 


1 6 (2  X 5P^k))  X 2 


n e“ 
o 


(2.  IT) 


Thus,  we  get  two  coupled  wave  equations  for  S and  L modes  with  the 
presence  of  the  third  wave  _E.  When  the  pump  power  is  near  or  above 
threshold  level,  collisionless  model  can  be  used  to  calculate  the  coupling 

2 i ? ■>  -i 

coefficients  and  replace  rs+us~(k)  and  r^  + w^“(k)  by  the  shifted  resonant 
frequencies.  Then  equations  (2.  16)  and  (2.  IT)  become 


Mj4(k) 


[fr+2r3S+“J©i«Es(w 

dt  n e 


s'— ' c„(k)_, 


5P' 

2 — s 


' 7 2 

(k)nf 

-5-^(2  X 5PU<))  X 2 


n e 
o 


(2,  IS) 


t^+2ri  t-5p 


1 2 2 

mu.  (k)rr 


n e 
o 


n e 
o 


(£x  5p|k,)xz  (2.  1 Q) 


where  U2(k)  = t]  + u/2(k)  , u>j(k)  = p*  + w’2(k) 


Using  the  following  relations 
5Eg(k)  = 5E_g(k)  + c.  c. 

ZEn  QS>  = 6E.+(k)  + c.  c. 


op(k)  = 5p"(k) 

— s — s — 


5p[k)  = SP^fk)  + c.  c. 


and  combining  the  relevant  components,  equations  (2.  18)  and  (2.  19)  can  be 
rewritten  as 
,2 

r+2r  -m  + u^fkllSE 

-3 


rt  h 2 Moj^(k)  Mu'“(k)9? 

[— J+2rs  J-ws(k)]  5E,"(k)  = r-5P‘(k)- 2— 5 — L (f  x 5P"(k)  )xz 

dt  n e n e ~ 

0 ° (2.  20) 
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Here  (2.  20)  and  (2.  21)  fit  the  standard  form  of  parametric  coupled  wave 
equations  with  5P  remaining  formal,  which  is  to  be  derived  in  the  next 
section. 


KINETIC  APPROACH  TO  CALCULATE  THE 
COUPLING  COEFFICIENTS 


!•  Transformation  of  the  Vlasov  Equations  to  the  Oscillating  Frame  of 
Reference 

da-  • da-  • 

To  derive  the  coupling  coefficients  (rr  1;  ) vand  (-  -J l]- ) for 


'3SE.  'o 
icr 


l96E  'o 

SO- 


dete rrrung  5P , we  start  from  Vlasov  eouation  for  a homogeneous  back- 
ground  distribution  function  f^: 


af(o)  e 

— i-  — 22. 

at  m 


{E(t)+-v  xB  }.  =0 


(3.  1) 


where  e^,  and  v^  are  respectively  the  charge,  mass,  and  velocity  of 
a particle  of  species  a.  The  corresponding  solution  can  be  written  in  the 


fo  rm 


- sh 7*  *'  • E(t'),o  =£  iv,t) 


where 


cos  n t 


R (t)  = sin  0 t 
—a?  a 


sin  Q t 
or 

cos  9.  t 
a 


(3.  3) 


n = ^ 

"or  m c 


e , t 


v = v - — » 
— — a m 


dt'  & (t  - 1')  • E(t') 


(3.  4) 


Hence  in  the  oscillating  frame  equation  (3.  1)  reduces  to 


9f  (v,t)  e 8f  (v, t) 

- ^ +=f-  7 v x B.  • - gP"  = 0 

o t me  — i dv 

Qf  — 


(3.  5) 


I 


— 


Since  any  function  of  jvj  satisfies  (3.  5),  therefore,  let's  assume 

f (v,t)  = f (v,,,v,  ),  a Maxwellian  distribution. 
a ° ~ a°  ~ 

It  can  be  shown  easily  that  to  the  first  order  equation  for  the  pertur- 
bative distribution  function  6f  (v  ,_r  , t)  is 

a a a 


35f  (v  , r , t) 

y—y  ~y 

at 


+v 

~a 


e 


a 


+ - v xB  1 
c — a — o 


0 5f  (v  , r 
ol 

9v 

~at 


,t) 


a 


9f(o)(v  ,t) 


9v 


= 0 


(3.6) 


For  convenience  we  transform  the  original  variables  (v  , r_  , t)  to  (v,  r,  t) 

ct  ot  ~ ~ 


of  the  oscillating  reference  frame  and  introduce  the  function 


Jj  (v,  r, t)  = 5f  (v  , r , t)  = 5f  (v+ — 2-  r t dt'  R (t-t1 ) • E(t' ),  r - I , t) 
a a a a a m _x  ~a  ~ ~a 

(3.7) 


whe  re  _r  = _r  + 

at  <x 


and 


dt"  R (t'-t") 


2(t") 


(3.  S) 


with 


_9_ 

9t 


vi)  (v,  r,t) 

a ~ ~ 


e 


a 


/t  dt1  a (t-t1)} 


96f  (v  ,£  , t) 

2 2 2 

9v 


96f  (v  , r , t) 

2 2 

9 r 

a 


From  (3.  6),  the  equation  for  (v,  r,  t)  is  then 

a ~ ~ 
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1 


i 


e 


37  "-^(vxz)  • -^1  «Ji_(v,r,t) 


a 


-*-  6E(r 
m — '— 
ct 


df  (v) 

+ i , t)  • — 2^ 

V ' 9v 

(3.  9) 


2.  Integration  along  the  unperturbed  trajectory  in  the  phase  space.  v 
Equation  (3.  9)  can  now  be  solved  by  the  method  of  characteristics. 

In  this  method  the  perturbative  distribution  function  is  calculated  in  the 
Lagrangian  system  of  coordinates.  Let's  define  an  unperturbed  trajectory 
of  the  particles  as 


ar 


dv 


dF  =-  * dF  =n*(-x~2) 


(3.  10) 


The  solution  of  (3.  10)  is 


and 


v'  = R (t1  -t)  • v 
a 


r'  = r L.  (t'-t)  • v 
a 


where 


L (t)  = 
—a 


sin  ft  t 
a 


and 


1 - cos  ft  t 
a 


-(!-cosft  t)  sinft  t 
a a 


(3.  11) 


(3.  12) 


ft  t 
a 


a -Q  -a 


ft  71  (T)dT 

t 

(3.  13) 


r = r(t)  , r1  = r(t')  , v = v(t)  , v:=v(t') 


Hence  along  the  unperturbed  trajectory  (3.  10)  equation  (3.  9)  may  be 
written 


-nr  (v,  r,  t)  = - — S_E(_r  - i_  , t) 
at  jj.  m a 

a 


af  l->r\ 

<yQ 

dv 


(3.  14) 
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Substituting  (3.  7)  in  (3.  14),  we  obtain 


4i  5fa(z-^r  ft  dt'  ' ^(t,)  * £4.t): 

a 111  q -x  a ~ ~a 


df  (v) 

5E(r  + i ,t)  • — ^ 


(3.  15) 


3ecause  of  the  spatial  homogeneity  of  the  background,  we  may  assume  a 

ik-  _r 

coordinate  dependent  of  the  non-equilibrium  increment  5f  ~ e a and 

ik  - r a 

the  perturbed  field  5 E_  - e a.  Then  (3.  15)  becomes 


d e t ik-  (rf-*  ) e 

dt  + 

rv  - X 


m 5E_(k,  t) 


9f  (v)  ik  • (r+i  ) 


(3.  1 6) 


Let  us,  however,  restrict  ourselves  to  unstable  (growing)  solutions.  Wi 
can  thus  invert  this  differentiation  by  integrating  (3.  16)  with  respect  to 
time  along  the  unperturbed  particle  trajectory  as 


f dt’i  (t-f)  ■E(t,),k?t)  = - 6Efk,t'] 

a a at  - x 


af»o(v,|;ik-(r'.,)  -4.MT 


(3.  17) 


From  equation  (3.  12),  let 


o (r)  = k • (r  - r 1 

a — — — 


Tf-  k • L (■ 

4 4 ,y 

a 


v and  t = t - t' 


(3.  IS) 


Then  equation  (3.  17)  becomes 


5f  (v+-*-  dt'R  (t-f)  • E(t'),  k,  t)  = - -f-  /x8E(kft. 

— m j — rj  — — m J — 


-cc 


8f 

• { — [cos  (Cl  t 4 0)  x -f  sin  (Cl  t 0)  y 1 

av,  a a 


9f  -id  (t)  ik-[i  (t-T )-i  (t)] 

_^Me  « e"  ^ 


where  we  have  used  following  relations 


v = v,  cos  9 x + v,  sin  9 y + v,,  z 


and 


v1  = v,  cos  (Cl  t + 0)  x -r  v,  sin  (Cl  t 4 9)  y 4 v,,  "z 

~ — a ~ a 


then 


3f  (v1)  9f  (v) 
& Q 


ryO 


Sf 


dv. 


[cos  (Cl  t + 9)  x - sin  (Cl  t + 9)  y ] + - z 


Let  the  time  dependence  of  the  cumr  electric  field  be 


E(t)  = 2E  , sin  co  t + 2E,  cos  to  t 
— ' ' — 1 o — 2 o 


then 


6 t t’ 

k-[i  (t-r)  - i (t  )]*--*-/  dt'  f dt"k  • R (t'-t")  • E(t!' 

— L -J  1 m 1 1 — v — 


t-T 


(a  , +b  -,)  [ sin  to  t - sin  u (t-T)' 
*1  a2  1 o o' 


(a  ,-b  ,)  [cos  u t - cos  to  (t-T) ] 
&&  # 1 o o 


(3.  19) 


(3.  20) 


(3.  21) 
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l 


-2-  f dt'R  (t-t')  • E(t')  = i 
m J 


e u) 


t4ff-  (s^e-)-4;.  (e1+e2)1 


o a 


(3.  22) 


where 


e k • A • E . e 72 

a . = 2-g-~--~g  rp  , b.»2-«-  £ 5- 

a-i  m ^ afi  m / ^ o^\ 

" * u -E  u a u (w  - Q ) 

0 O O Qf 


z x k • E.  , i = 1,  2 


^ „2 

, U - 72 

A = x x + ■y  y -t ° ■->  - z z 

— Of  ^ 

o 


(3.  23) 


£.1  _i  “.i  e 


-iw  t 
o 


-ico  t 
o 


El\  - - 1 JEi  e 


— Z = —2  6 


(3.  24) 


72  ,Z-71Z 

A = x x + i — (3c  y - y x)  + — ^ — ~ z z 

~a  -0  o u L 

o 


A is  the  complex  conjugate  of  A „ 
— a —a 


We  may  then  calculate  the  total  induced  current  from  (3.  19)  as 


5j(k,  t)  = 7n  e / dv  fv+~2-  t dt'  R (t-t* ) 

at  a a ~ m ‘ „ ~a 

a - x 


(3.  25) 


•E(t')15f  (v a.  f t dt'£  (t-t1)  • E(t'),  k.  t) 

— <y  — m ; —a  — — 

ct  “ x 


( ‘ 2 1 C\ 

W - w , 


/ 


r 


With  the  aid  of  (3.  21)  and  (3.  22),  (3.  26)  becomes 


SJ(k,t)=-r^  r dv  /xdT<v-i^f  [4a*(E'+E')  - 4; 

a 0 w„_" 


3f  3f 

(E^+E^]}  [C0S  (V+e)X"Sin(^T^e)5rl  +“9^ 

id  (t)  i {(a  ,+b  ,)[sinu  t-sinw  (t-r)] 

Cl  &*&£•  ° u 


6E(k,  t-r)e  “ e 


■Ha  ,-b  Jfcosu  t-cos  a (t-r)]; 
' a2  arL  o o 


(3.  2- 


Since 


i{(a  ,+b  ,)f  sin  u t - sin  w (t-r)]+(a  -,-b  .)[  cos  u t-cos  u(t-r)  ■ ; 
c*l  o 0 1 ac  ai  0 u 


= y (-l)HJv,(a  ,-4>  ,)J  (a  ,+b  ,)e 
. — h al  aL  q a 1 au 

h,  q=-cc 


+ i(htq)oj  t -igcj  r 
- o " o 
e 


■he 


J-f , 


i(f+g)wQt  -ig«QT 
e 


I (i)8"  Jf(b  , -a  .)  J (b  ,-a  ,)  e 
f al  S Of  *■  a1- 

f.  g — * 

iu  t -iaj  t) 

= 1+lC(aal+ba2)-i(baI-V)1  6 ° (1"6 


-iu>  t iw  t 

7 [ (a  ,+b  ,)  + i(b  . -a  z)  ] e ° (1-e  ° ) 

^ a*-  cil  ctc 


where  J J Jr,  J are  Bessel  functions  and  we  have  assumed 

n,  q 1 g 

laai  I < < i ’ 'bai  M* 

For  the  parametric  interaction,  we  have 


(3.  28) 


u = w 4-w,  for  the  conservation  of  energy 
o s i 


and 
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MB 


j 


k = - k.  = k for  the  conservation  of  momentum  (dipole  approximation) 

— s — I — 

where  w and  u,  are  the  characteristic  freauencies  of  two  plasma  modes  in 
s l * 

a collisionless  plasma  with  the  presence  of  pump  field. 

Therefore,  the  induced  current  density  for  the  S (or  L)  mode  due  to 
the  coupling  between  L (or  S)  mode  and  the  pump  wave  can  be  obtained  with 
the  aid  of  (3.  27)  and  (3.  28)  as 


in  e w ( 9f 

6j'(k,t)=-7  -Z^SL  - ° 7 A • (E>EZ)  fdv  f ;cdr{-T^  [ cos  ( £2  r'-G)* 

-s  - or  m-  ud.odl-3  —1—-  • --0  a 

a o qt 

9f  -iw . t -i©  (t) 

+ sin  (fi  t^G )y]  + -y-2-0  z}e  e a 

a 

k-  A • (E'-E_‘)  9f  9f 

+ [ - — f vdv  fx dr {-rZ°  [cos  (o  ~9)x-sin(fl  r-Q)y  1-—?—  z} 

L w J - 1 9v.  L o a <Jv„  J 


-iw.r  id  (t)  iw  t 

Z Of  / i O x 

e e ( 1 -e  ) 


• 6E_^  (k,  t) 


(3.  29) 


and 


me  w 


9f 


{^•IEI-^)/dvrdT{-5^[co.(n  T*e)» 


m w 
a o a 


9f  iw  r -id  (r) 

+ sin(il  v^e)y  1 -f- — ?:}e  S e a 


a 9v 

* 


9f 


k*  A • (E  +E  ) 

_ r ~ =o_—y—Z.  ] r vdv  [ cos  (Cl  -H-0)X- sin(fi  r^)y]-^-^  z } 

OJ  J J C7V » # # wV  |i 

o o - 


9f 

aQ  - 
9v  , 


iw  t -id  (r)  -iw  r 

e s e 2 ( 1-e  ° ) } • SE‘(k,t) 


(3.  30) 


In  carrying  out  those  integrations,  we  specifically  choose  the  wave  vector 
k on  the  x-z  plane  and  write 


k = k , x x k, , z 


(3.  3 1) 
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Equation  (3.  18)  becomes 


6 (t)  = i [ sin(f2  t - 6)  - sin  6 ] k,,vMT 
a cs  a a 


(3.  32) 


where 


1 - k,  v,  h 

(Set  — - 


(3.  33) 


then  we  have 


+ 3C  -He 

exp[-ib  (r)  ] = 7 7 J < 2 ) J ( J )exp{-i[ n{<P.  rt6)-n'e^k(lv„T  ]} 

a n=-ocn'=-ac  n a 

(3.  34) 

Therefore,  we  obtain  following  relation 

df  df  . , . . . 

X ,_r  O r _ O-i  -10 (r)  Iwt 

-r  '7.  : & . 


/ vdv  f x dr{r-( — [ cos(ilT+0)x^-sin(QT+9)v]  + -r-2-  z}  e" 
J -o  bv,  L ' - 1 3v,,  1 


-i  < I r I*tp.  z„;n>  n -*<*„>]  -zriy 

n=-cc  n 


for  a Maxwellian  distribution  function  f 

o 

where 


(3.  35) 


o j -n  jJ 


= v2 


r * 3 = k^  and  A (3)  = 1 (3)  e”3  (3.36) 

— n n 


k,,(T/m)  2 


and 


1(13,  Zn;n)=-^- An(a)  xx  + An(>3)  - 23A^(l3)  ] %-y  + znAn(|3)  zz-iruV^aKXy-yx) 


k,n 

- n 


ik,  £2 


Jk^T  7=  ZnAn(0,(i^*>+  JkTQ 


VT  z nA^( 3 ) ( y z - z y ) (3.  3") 


Substituting  (3.  35)  in  (3.  29)  and  (3.  30),  the  results  are 
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where 


tx> . +nf2 

yOl  _ _ £ g yd 

In  k„(T  /m  )*  ’ sn 

a!  a 


ui  -nT2 

a - s ol 


k,,(T  /m  )z 
ctf  a 


whence  the  induced  oolari  itions  are  obtained  as 


SJlfe  t)  5eT  (k,  t)  ■ ( — -&• ) • ! 

^ - 


+ i 4.  9 a 

6P^  (k,  t)  = - -±-  5 J c,  t)  = 6E"(k,  t)  • ( — — 

1 ~S~  95e; 


where 


V- 1.  DETAILED  ANALYSIS  OF  THRESHOLD  POWER  AND 
INITIAL  GROWTH  RAT E 


1.  Conditions  and  Properties  of  the  Instabilities  Occurring  on  the  Basis 
of  a General  Form  of  the  Coupled  Mode  Equations 

In  the  following  paragraph  we  will  show  that  the  coupled  wave  equa- 
tions (2.  20)  and  (2.  21)  derived  in  Section  II  can  be  reduced  to  the  following 
scalar  form  similar  to  those  introduced  by  Nishikawa1 1 : 


X = iX  YE'(t) 


(4.  1) 


at 


— j.  op  — 

2 1 1 dt 


Y = 


■ifiXE+(t) 


(A  2) 


where  for  simplicity,  we  treat  only  the  case  with 
\(i  = real  > 0 


Taking  the  Fourier  transform  of  (4.  1)  and  (4.  2),  we  obtain 


i 9 *> 

u - w + 2ir  u 
L s s 


X(w)  = XE  Y(w-«  ) 
o o 


(4.  3) 


(w-wq)2  - Uj,  + 2ir^  (tu-uiQ ) 1 Y(w  -CJQ)  = /iEQX(o j) 


(4.  4) 


where 

+00 

X(t),  Y(t)  = / e"lut  X(w),  YM. 

-oo  ^ 

Setting  the  determinant  of  the  coefficient  matrix  equal  to  zero,  the  disper- 
sion relations  which  determine  the  frequency  and  damming  (or  growing)  of 
the  waves  under  consideration  are  obtained,  namely, 
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i - ’ ' 

k. 


/ 


(4.  5) 


9 2 

oT-w  + 2iT  w 
s s 


(u-ujq)“  - + 2iT^  (w-uq) 


- x4eq-  = 0 


If  the  solution  of  (4.  5)  is  written  in  the  form 


(*)  = x + iy 


(4.  6) 


then  x and  (-y  ) are  the  frequency  and  damping  rates,  respectively,  of  the 
new  normal  mode  with  parametric  coupling  effect.  It  becomes  unstable  if 

y>  0 (4.7) 


Considering  first  the  threshold  case  in  which  y = 0,  Eq  = E^  and  (4.  5)  can 
be  separated  into  two  equations 


r,*!<*-"0>2  -“frr. 


(4.  8) 


, 2 2. 

(x  -us) 


(x-u  )* 
o 


J-  i 

i 


- 4rr.  x(x-w  ) - x4e;  = o 


(4.  9) 


Since  Ts  and  r„  are  arbitrary,  the  threshold  intensity  of  the  pump  field 
and  the  frequencies  of  X and  Y are  given  by 


x = u 

s 


(4.  10) 


X - u 

o 


4r  rflw  w. 

s i s 2 


X(j 


11  ) 


(4.  1 2) 


Thus  under  the  condition  of  frequency  match,  there  is  no  frequency  shift 
of  X and  Y at  the  threshold. 

With  the  numo  field  E > E , we  no  longer  can  set  v = 0.  Sub- 

o c s 

stituting  (4.  6)  in  (4.  5)  and  separating  the  real  and  imaginary  parts,  we 
obtain 


250 


(x2-y2->;-2rsy)  [(x-o)“  - wj-2riyj  - 4xtx--o)(y+rs)(y+ri) 


9 9 


- Xu E = 0 
^ o 


(4.  13) 


x(y+r  ) 


(x-<-o)2  - y2  - w2  - r^y j + (x-uo)(y+ri)(x-s-yfc--.;-2rsy) 

= 0 (4.  1 4) 


9 9 9 


If  the  frequency  shift  is  small  compared  with  ~s>  then  (4.  1 4)  can  be  ap- 
proximated as 


2 2 2 or  „ - 

x -y  -^s-2r  y - 


-2  |Ul(x-«s)+riy  1 ^s(y+rs) 
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(4.  15) 


and  (4.  13)  becomes 

4(y+rs)(y-ri)^s  ^ » \ue2o 

After  some  algebraic  manipulation,  we  find 
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In  general  I\  is  much  larger  than  F » therefore  we  may  express  (4.  1' 
^ Jc  s 

and  (4.  18)  in  the  vicinity  of  the  threshold  as 
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The  initial  exponential  growth  rate  and  the  frequency  shift  are  linearly 

proportional  to  the  pump  intensity.  These  results  are,  however,  valid  only 

when  the  frequency  shift  is  small  compared  to  _g  and  the  pump  intensity  is 

near  the  threshold.  These  phenomena  had  actually  been  observed  in  Ster.zel 

20 

and  Wong's”  experiment  in  an  unmagnetized  plasma. 

2.  Parametric  Decav  into  Longitudinal  Modes  (electrostatic  approximation) 
Thus  we  can  write 

6 E (k,  t)  = -iko  (k,  t)  and  6E„‘(k,  t)  = -iko'  (k,  t)  (4.21) 

s s x } 

and  substitute  these  relations  in  (2.  20)  and  (2.  21).  We  have 
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where  we  have  used  relations 
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ui  = k T /M, 
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"o  and  kd  = T~^  (4.  30) 
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Equations  (4.  28)  and  (4.  29)  had  been  obtained  by  Nishikawa11,  who  worked 
with  a hydrodynamic  model.  If  we  take  the  Fourier  transform  of  (4.  28) 
and  (4.  29),  the  results  would  be  the  same  as  DuBois  and  Goldman10, 
Nishikawa  , Lee  and  Su~  “,  and  Jackson's12  conclusions. 

Therefore,  the  threshold  field  is  given  bv 


8 V jn  T 
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(4.  31) 


where  Ej.  = 2E?. 
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In  this  case  we  mav  %vrite 


E = 2Eo(xcosuot  - ysinuot)  (i.  e. , E,  = x Eq,  E . = - Eqv 


k = k x + k z 
x II 


Substituting  (4.  32)  in  (4.  22)  and  (4.  23),  we  obtain 


(4.  32) 
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(i)  Decay  waves  are  electrostatic  ion  cyclotron  wave  (ion 
acoustic  wave)  and  upper-hybrid  wave 


Thus,  we  may  assume-/—  «k  /k  «1  such  that  WIZ*  )=  0 

' it  j.  in 

and  w(Zsn)  = 0 for  all  n and  W(Ze  ) = 0 for  n i 0,  W(Ze  )A  (j3  ) c 1. 


so  o o 

With  these  approximations,  equations  (4.  35)-(4.  3 8)  may  be 


duced  to 
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and  (4.  33)  and  (,4.  34)  become 
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Therefore,  the  threshold  field  can  be  calculated  as 
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(ii)  Decay  waves  are  lower  hybrid  and  upper  hybrid  waves 


In  this  case  k /k  <<  /—  , therefore  W(Z  ) = 0 for  all  n. 
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With  these  approximations  , equations  (4.  35)-  (4.  38)  become 
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6Pi3  = 0 

and  (4.  33)  and  (4.  34)  become 
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( 4.  44) 
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Therefore;  the  threshold  field  can  be  calculated  as 
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which  also  agrees  with  Porkolab1  s “ 1 result. 


, «■  + |n  n.  | 

where  E ■ = (2E  ) , , w“  = |fi  Q.  | ^-±- 

tn  o th  s 1 e i 1 2 , ^2 

u + \2 
pe  e 


(c)  For  a forced  linearly  polarized  pump  field  with  upper 
hybrid  and  lower  hybrid  waves  as  decay  waves 

In  this  case  we  write  E = 2E  cos  u t x (i.  e.  E„  = xE  ; E = 0) 

n n — v o — I 
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Therefore,  the  threshold  field  is  given  as 
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3.  Parametric  Decay  into  Electrostatic  Ion  Cyclotron  Wave  and  Har- 
monics of  Electron  Cyclotron  Wave  (Hybrid  Mode)  in  a Uniform 
Magneto  Plasma 


For  the  harmonics  of  electron  cyclotron  modes,  |kj  is  small 

( I Js  I «k.)  such  that  0 « 1,  and  WlZe,  ) = 0 for  all  n. 
a e £n 

Since  the  electrostatic  ion  cyclotron  mode  is  longitudinal  wave,  we 
may  assume  5E*(k,t)=  -ik0^(k,t),  where  k = k x + k z with 


i n 

^ « lku  I <<  l-  Therefore,  w(Zgn)  « 0 for  n f 0 and  W(Z®o)  Ao(3g)  = T 


Because  the  nonlinear  coupling  due  to  electrons  of  the  plasma  is 
much  stronger  than  due  to  ions;  therefore  we  may  neglect  the  ion  terms 
of  equations  (3.  4 1)  and  (3.  42).  The  resulting  components  of  the  induced 
polarizations  can  be  simplified  to 
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and  the  coupled  mode  eauations  are  given  by  equations  (4.  33 ) and  (2.  21).  F rom 
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(4.  52),  (4.  o3)  and  (2.  2 1),  we  obtain  the  relation  5 E,  (k,  t)  = i — 5 E ...  (k,  t), 
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thus  the  dispersion  relation  for  the  L mode  is  given  as 
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let  uj^  = jnft^  | (1  + An)  where  n > 2 and  substitute  into  (4.  55),  we  have 
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Since  the  oolarization  of  the  harmonics  of  electron  cvclotron  wave  can  be 


determined  from  linear  dielectric  tensor  as 
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(4.  57) 


Therefore,  the  resulting  coupled  mode  equations  are  given  as 
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and  the  threshold  field  can  be  calculated  as 
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4.  Comparison  3etween  Theory  and  Experiments 


a.  In  the  case  of  parametric  decay  into  electrostatic  ion  cyclotron 
wave  and  second  harmonics  of  electron  cyclotron  wave  in  a uniform  mag 
neto  plasma.  (My  experiment) 

With  the  aid  of  (4.  60),  the  value  of  parameters  can  be  found  from 


Table  2,  the  threshold  field  E,,  is  calculated  as 

tn 


E . =13.7  volts/ cm 
tn 


Near  the  microwave  horn,  the  pump  field  is  almost  uniformly  distributed 
on  the  cross-section  of  the  chamber,  hence  the  theoretically  predicted 


threshold  pump  power  may  be  calculated  as 

„2 


t H 9 

Threshold  pump  oower  = x :r“  x c =r  44  watts 

07 T 


where  r = 7.  5 cm  is  the  radius  of  the  chamber. 

The  threshold  pump  power,  experimentally  determined,  is  about 
47.  1 watts  as  shown  in  Figure  10.  This  value  is  very  close  to  the  theo- 
retically predicted  value,  and  the  extra  3 watts  is  believed  to  be  used  to 
sustain  the  plasma. 

b.  In  the  case  of  parametric  decay  into  lower  hybrid  wave  at  uQpe: 

hybrid  resonance  with  a linearly  polarized  pump.  (S.  Hiroe  and 

22 

H.  Ikegami's  experiment.) 
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•*»  = 2tx1.  4xl09sec'1,  uj  = 2tt  x 2.  48  x 1 06s  ec  *1 , n = 2.  42  x 1 O1  °cm"3 

pi  O 


i*  _ i' . I m T . 

T2  = ~=  3-  5x10  sec  rs  ” ~~^=  21  ^en  = 5 x 1 ^sec'1 
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m = 0.  91  x 1 0 3 ' g 
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£"rom  (4.  1 9 )i  the  electric  field  associated  with  the  threshold  power  can  be 
calculated  and  the  result  is 


Efch  = 2.  25  V/cm 


and  the  experimentally  measured  threshold  field  is  about  2 V/cm. 
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of  parametric 


V-5. DESCRIPTION  OF  EXPERIMENT  AND  RESIT 


9-13  90  99  94 

Although  the  theories  1 and  experiments-  ’ “ ’ 

coupling  between  longitudinal  electron  plasma  waves  and  ion  acoustic 

waves  m an  unmagnetized  plasma  have  been  treated  extensively  by  various 

2 5 T 2° 

authors,  only  recently  did  experiments  ’ ’ ’ - in  magnetized  plasma  re- 

port on  the  decay  instability.  Porkolab  and  his  colleagues  have  done  a 
series  of  experimental  studies  of  plasma  heating  due  to  the  parametric 
decay  instability  of  plasma  waves  in  a magnetic  field  and  a high-frequency 
electric  field.  These  decay  waves  ha've  relatively  short  wavelengths  and 
broad  spectra  such  tnat  quasi-eiectros'fatic  modes  may  be  assumed  and  an 
anomalous  heating  process  can  be  achieyed.  In  our  experiment,  we  have  a 
relatively  small  sized  plasma  beam.  Working  on  the  slab  model,  the  ex- 
cited waves  are  of  standing  wave  type  with' well  defined  boundary  condi- 
tions. Therefore,  the  frequency  spectra  of  the  unstable  waves  are  sharp- 
ly spiked.  The  object  of  the  present  work  is  to  study  both  experimentally 
and  theoretically  the  threshold  and  saturation  bf  the  parametric  decav  in- 
stability of  the  second  harmonic  of  the  electron  cyclotron  wave  and  ion 
acoustic  wave. 


1.  Experimental  Apparatus  and  Procedure 


The  experiment  is  performed  in  a hollow-cathode-arc-discharge 
(HCD)  plasma  source-'  , 15  cm  in  diameter  and  a vacuum  chamber  2m 
in  length,  as  shown  in  Figure  1.  The  2m  long  stainless  steel  vacuum 
chamber  is  separated  into  two  sections,  a source  region  and  a drift  re- 
gion, by  a baffle.  In  order  to  get  a highly  ionized  and  confined  argon 
plasma  peam  in  the  drift  region,  the  magnetic  field  in  the  source  region 
is  a mirror  field,  hence  it  is  hard  to  get  a totally  quiescent  plasma.  In 
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our  experiment  a new  procedure  is  introduced  to  create  an  ultrastable 
microwave  sustained  plasma.  An  antenna  horn  is  mounted  on  the  anode 
and  to  send  the  high  power  microwave  (1  50-200  watts)  into  the  HCD  plas- 
ma beam.  Increasing  the  drift  magnetic  field  and  background  gas  pres- 
sure to  a suitably  high  range  (1.  5 KG-2KG,  1 fj.  - 1 . 5^  of  mercury  pres- 
sure), we  can  then  shut  off  the  source  plasma  completely  by  setting  the 
cathode  gas  flow  and  baffle  current  to  zero.  Yet  the  plasma  still  exists 
in  the  drift  region  sustained  by  the  input  microwave.  This  plasma  is 
very  quiescent  and  well  confined  in  a beam.  Adjusting  the  experimental 
parameters  (such  as  drift  magnetic  field,  drift  gas  pressure,  microwave 
power,  etc.  ) to  proper  values  to  achieve  optimum  operating  conditions, 
we  obtain  a spectrum  as  in  Figure  3,  showing  the  instability  and  its  har- 
monics due  to  parametric  excitation. 

A simplified  block  diagram  of  the  experimental  apparatus  is  shown 
in  Figure  2.  A frequency  stabilized  Klystron  unit,  operated  in  x-band  is 
used  as  the  microwave  source.  For  the  measurements  of  the  growth  and 
decay  times  of  the  excited  waves,  a fast  PIN  diode  switch  having  20  nano- 
second rise  and  fall  times  is  used  to  modulate  the  microwave  signal  which 
is  fed  into  a Klystron  amplifier,  capable  of  1 K watts  cw  output  at  the  fre- 
quency of  9.-23  GKz.  Between  the  PIN  diode  and  the  source  two  variable 
attenuators  are  used  to  adjust  the  output  levels. 

Microwave  power  is  transmitted  through  waveguide  into  the  plasma 
by  means  of  a horn.  Since  the  EM  wave  in  the  waveguide  is  TE^q  mode, 
the  electric  field  in  the  chamber  is  linearly  polarized  in  the  direction 
perpendicular  to  the  uniform  magnetic  field  and  almost  uniformly  distri- 
buted at  the  cross-section  of  the  chamber  near  the  horn.  The  diagnostic 
devices  employed  in  this  experiment  include  axially  and  radially  movable 
Langmuir  probes. 
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FIGURE  3:  FREQUENCY  SPECTRUM  OF  ELECTROSTATIC  ION  CYCLO- 
TRON WAVE 

First  Peak  is  the  Zero  Reference,  Center  Frequency = w / 2ir  = 
= 228  KHz,  P = 1.  2u,  f = 9.  23  GHz,  P{  = 173  W (cw),  Linear 
Vertical  Scale,  90  KHz/  Division  Horizontal  Scale 


FIGURE  4;  TIME  DOMAIN  BEHAVIOR  OF  ELECTROSTATIC  ION 
CYCLOTRON  WAVE 

P=  1.  2/i,  f = 9.  23  GKa,  P = 173  W (cwl,  Horizontal 
Scale  = 2iiS/*cm,  Vertical  Scale  = . 5 V/cm 


in  order  to  parametrically  excite  the  electrostatic  ion  cyclotron 
waves  efficiently,  the  external  dc  magnetic  field  is  suitably  adjusted  such 
that  the  frequency  of  the  pump  field  is  near  or  just  above  the  harmonic  of 
electron  cyclotron  frequency.  We  find  that  in  the  HCD  device,  the  plasma 
is  very  unstable  due  to  the  existence  of  various  types  of  low  frequency  un- 
stable modes  which  are  suspected  to  be:  resistive  drift,  ion  acoustic,  and 
electrostatic  ion  cyclotron  instabilities.  It  is  believed  that  the  energy 
source  responsible  for  the  onset  of  these  instabilities  must  come  from  the 
excess  of  the  free  energy  contained  in  the  plasma  not  at  thermodynamic 
equilibrium.  In  this  regard,  we  find  the  possible  deviations  from  equili- 
brium occurring  in  the  velocity  soace  are  due  to  the  mirror  field  in  the 

'j 

source  region,  and  not  to  the  configuration  space.  This  conclusion  follows 
from  the  fact  that  all  the  low  frequency  unstable  modes  disappear  after  the 
source  plasma  is  turned  off  completely. 

Strongly  enhanced  signals  at  the  acoustic  wave  frequencies  are  ob- 
served only  when  the  pump  power  exceeds  a threhold  level.  This  is  the 
characteristic  of  parametric  excitation.  With  the  background  gas  pres- 
sure readjusted  to  about  1 . 2 jj,  the  electrostatic  ion  cyclotron  wave  be- 
comes most  coherent  in  time  domain  as  seen  on  a scope  (Figure  4),  or 
becomes  sharpest  in  the  frequency  domain  as  seen  on  a frequency  spec- 
trum analyzer  (Figure  3). 

2.  Measurement  of  Growth  and  Decay  Times  of  Electrostatic  Ion  Cyclo- 
tron Waves 

The  growth  and  decay  times  of  parametrically  excited  electro- 
static ion  cyclotron  waves  are  measured  as  a function  of  microwave  oumo 

* 

power  by  modulating  tne  pump  as  illustrated  in  Figure  5.  During  time 
Tj,  the  power  is  at  level  > P^  (threshold  power)  such  that  the 
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electrostatic  ion  cyclotron  wave  grows  to  a finite  amplitude  as  shown  in 
the  sketch.  At  the  end  of  time  T and  the  beginning  of  T 9,  the  power  is 
switched  to  a new  level  P.?.  If  P 9 < P^,  the  wave  decays  to  zero  during 
time  T0,  providing  that  T9  is  of  sufficient  duration,  as  shown  in  Figure 
5a.  If  P^  > P^  and  P^  > P^,  the  wave  decays  during  T 9 from  the  am- 
plitude excited  by  P^  to  a new  nonzero  steady  state  amplitude  corres- 
ponding to  P9  as  shown  in  Figure  5b.  Modulating  the  power  as  described, 
the  growth  and  decay  times,  and  the  amplitude  of  the  electrostatic  ion  cy- 
clotron wave,  are  measured  as  a function  of  P9,  for  both  beiow  and  above 
the  threshold.  The  total  time  + T2  of  the  microwave  signal  is  appro- 
ximately 2.  3 milliseconds  and  is  typically  7 5%  of  this  period. 

Photographs  containing  many  traces  of  the  electrostatic  ion  cyclo- 
tron waves  are  used  to  obtain  the  growth  and  decay  time.  Since  the  plas- 
ma beam  is  isolated  by  a large  vacuum  chamber,  the  signal  detected  by 
the  optical  system  (through  optical  fiber  bundles  to  the  photomultiplier 
tube)  is  too  weak  to  overcome  the  inherent  noise  of  the  photomultiplier 
tube.  Due  to  this,  a Langmuir  probe  to  detect  the  electrostatic  ion  cyclo- 
tron waves  is  used.  The  results  thus  obtained  are  fairly  good  even  with 
the  slight  difficulty  of  synchronizing  the  excited  signal  with  the  modulating 
signal.  This  probe  detection  technique  is  also  used  to  measure  the  steady 
state  amplitude  of  the  potential  oscillation,  thus  enabling  us  to  obtain  in- 
formation on  the  saturation  mechanism. 

A series  of  photographs  containing  the  average  growth  and  decay 
of  the  electrostatic  ion  cyclotron  wave  is  shown  in  Figure  6 where  the 
pump  power  is  modulated  as  in  Figure  5o  with  T^  = 1.7  ms  and 
T9  = . 5 ms  and  both  P^  and  P^  are  above  the  threshold  level.  First, 

Pt  is  set  to  a level  such  that  the  instability  is  most  coherent  with  the 
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(c)  P2  = 65.  5 W,  P = 173  W 

FIGURE  6:  DECAY  AND  GROWTH  OF  ELECTROSTATIC  ION  CYCLOTRON 

WAVE  FROM  ONE  STEADY  STATE  AMPLITUDE  INTO  ANOTHER 

P=  1.  2u,  f =9-23  GHz,  Horizontal  Scale  = . 2 ms /cm 
o 

T 2 = . 6 ms,  T^  = 1.7  ms 


FIGURE  7:  PHOTOGRAPH  SHOWS  THAT  THERE  IS  A TRANSITION 
PERIOD  BEFORE  WAVE  REALLY  STARTS  TO  GROW 
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lowest  possible  neutral  gas  pressure.  We  then  progressively  increase 
the  voltage  amplitude  of  the  modulating  signal  (which  is  applied  to  the 
PIN  diode  switch)  to  lower  the  P9  level,  and  the  series  of  photographs 
are  taken  with  the  scope  trace  triggered  to  start  when  the  power  is 
switched  to  P9  level.  The  initial  decay  rate  of  the  instability,  when 
power  is  switched  from  P^  to  P9,  is  difficult  to  be  calculated  because 
of  its  strong  dependence  on  the  initial  amplitude  of  the  instability;  there- 
fore, the  average  decay  rate  as  shown  in  Figure  3 is  calculated  by  aver- 
aging over  the  e -folding  time,  i.  e.  , the  time  it  takes  for  the  amplitude 
decreases  to  l/e  of  its  initial  value.  Figure  6 also  shows  the  existence 
of  a transient  before  the  wave  starts  to  grow.  This  may  be  explained  by 
noting  that  during  both  T and  T9  of  the  growth  experiments,  the  electron 
neutral  collision  frequency  is  much  larger  than  the  average  decay  rate  of 
the  electrostatic  ion  cyclotron  wave  shown  in  the  Figure  8.  During  T.-, 
the  electron  temperature  of  the  plasma  is  lowered  because  of  decrease  in 
pump  power,  and  at  the  end  of  T 9,  the  electron  temperature  rises  back 
quickly  to  its  original  level,  but  it  takes  finite  time  for  the  frequency  of 
the  instability  to  switch  back.  A typical  multiple  trace  photograph  shown 
in  Figure  7 clearly  displays  this  kind  of  delay  phenomenon.  Nevertheless, 
the  linear  relation  between  the  initial  growth  rate  y and  P^  is  clearly 
demonstrated  in  Figure  9.  The  curve  in  Figure  8 shows  that  as  P9  pro- 
gressively decreases,  (as  noted  in  the  series  of  photographs)  the  decay 
rate  increases.  Eventually  P9  reaches  a power  level  such  that  it  takes 
the  wave  the  period  T9  to  decay  to  zero  as  shown  in  Figure  10,  and  this 
corresponds  to  the  threshold  power. 

Decreasing  T9  ana  increasing  the  total  period  T^  + T9  (i.  e.  , de- 
creasing the  modulation  frequency)  of  the  microwave  signal,  it  is  possible 


FIGURE  10:  DECAY  OF  ELECTROSTATIC  ION  CYCLO- 
TRON WAVE  FROM  STEADY  STATE  AM- 
PLITUDE INTO  NOISE  FOR  PUMP  POWER 
JUST  BELOW  THRESHOLD  LEVEL 

P2  = 47.  l w.  Pt  = 141  W,  T2  = . 2 ms, 

T = 2.  1 ms.  Horizontal  Scale  = . 1 m s/cm 
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to  lower  the  power  level  P,,  to  almost  zero.  Single  and  multiple  traces 
photographs  shewn  in  Figure  11  display  the  growth  (and  decay)  of  the  elec- 
trostatic ion  cyclotron  wave  as  power  p£  is  varied  from  0 watt  to  l T 3 
watts.  Only  a portion  of  the  total  period  is  shown  in  the  photograph.  The 
wave  starts  to  grow  only  with  the  pump  power  exceeding  the  threshold 
level,  and  it  becomes  an  eigenmode  of  the  collisional  plasma.  During 
the  initial  buildup  of  the  potential  oscillation,  the  energy  density  arising 
from  spontaneous  emission  of  the  background  plasma  is  comparable  to  the 
energy  density  produced  by  the  parametric  interaction.  Therefore,  to 
determine  the  initial  growth  rate  we  must  calculate  the  growth  time  onlv 
after  the  wave  has  a small  finite  amplitude.  This  value  is  also  shown  in 
Figure  ?,  and  is  consistent  with  the  theoretical  calculation  from  equation 
(4.  17). 

There  are  two  kinds  of  damping  in  our  system..  Linear  or  natural 
damping  occurs  when  the  pump  is  below  the  threshold  level.  Cnee  the 
threshold  level  is  exceeded,  the  amplitude  of  the  instability  would  theo- 
retically grow  to  infinity.  However,  due  to  the  nonlinear  damping,  the 
wave  always  reaches  a saturated  state.  Therefore,  the  nonlinear  damn- 
ing would  exactly  balance  the  initial  growth  rate  of  the  wave  at  that  parti- 
cular power  level.  If  the  pump  power  is  suddenly  reduced  to  zero  as  in 
the  case  in  Figure  lib,  its  initial  decay  rate  must  be  equal  to  the  sum.  of 
the  linear  damping  rate  and  the  initial  growth  rate  of  Figure  11a.  Hence 
we  have  a linear  damping  rate  of  about  0.  6 x iCrsec’1  for  the  electro- 
static ion  cyclotron  waves;  this  value  is  consistent  with  the  value  calcu- 
lated from  the  tail  of  the  decay  diagram.  From  this  value,  we  can  con- 
clude that  the  linear  damning  mechanism  is  due  to  ion-neutral  collisions 
with  the  ion  temperature  of  about  0.  6 eV.  This  value  of  ion  temperature 
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(a)  SINGLE-SHOT  PHOTOGRAPH 
P2  = 0 W,  P = <73  W,  P = 1.  2 (i, 
Horizontal  Scale  =50  jis/cm 
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(b)  MULTIPLE -TRACE  PHOTOGRAPH 
P2  = 0 W,  P = 1 73  W,  P = 1 . 2 n 
Horizontal  Scale  = . 1 ms/cm 
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has  been  verified  experimentally  in  Kristal's“D  thesis  by  usina  a Fabrv- 
Perot  inte rfe r romete r. 

3.  F recuencv  of  Electrostatic  Ion  Cyclotron  Wave  as  a Function  of  Pump 
Power 

The  frequency  shift  of  the  electrostatic  ion  cyclotron  wave  due  to 
pump  power  has  also  been  investigated.  These  experiments  are  con- 
ducted with  cw  microwave  excitation,  and  the  freouency  is  measured  or. 
the  low  frequency  spectrum  analyzer. 

Electrostatic  ion  cyclotron  frequency  is  shown  as  a function  of 
power  in  Figure  1 2 for  a fixed  pressure.  As  shown  in  Table  1,  the  fre- 
quency shift  is  linearly  proportional  to  the  change  of  electron  temperature 
with  some  discrepancy.  This  can  be  explainer  from  the  linear  parametric 
theory,  which  indicates  a frequency  shift  due  to  finite  growth  rate.  After 
substituting  ail  the  known  parameters  into  equation  (4.  20),  this  discrep- 
ancy becomes  more  evident.  However,  with  a minor  correction,  the 
linear  relationship  between  the  frequency  shift  and  electron  temperature 
change  is  clearly  shown  in  Figure  13. 

electron  density  with  the  presence  of  the  pump  wave  is  -..so  mea- 
sured  by  using  the  probe  technique.  As  shown  in  Figure  14  the  electron 
-ens i.y  at  the  center  ot  tne  plasma  column  decreases  as  the  instability 
increases.  But  the  pump  power  increases  over  some  level,  the  ionizat:  ■ 
rate  may  cover  the  enhanced  diffusion  rate,  causing  the  density  to  ir.cr- 
again. 

4.  Summary  of  Experimental  Parameters 

Table  2 summarizes  the  basic  experimental  parameter 
given  are  for  a magnetic  field  of  1.  54  kilograms  and  for  a or- 
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TABLE  1 --  EXPERIMENTAL  AND  THEORETICAL  DATA  IN' SEVERAL  PUMP  POWER  LEVELS 
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TABLE  2 - EXPERIMENTAL  PARAMETERS 


Quantity 

Symbol 

Value 

Ion  (Electron)  Density 

n 

Q 

8.  8 x 1 01 1 / cm2 

Neutral 

N 

3.  9 x 1 0 1 3/ cm3 

Lon  Temperature 

T. 

l 

0.  6 eV 

Electron  Temperature 

T 

p 

6 eV 

eBo 

c 

Ion  Cyclotron  frequency  ^7- 

Q . 

l 

3.  95  x 1 0^/sec 

eB 

2.  9 x I0l0/sec 

Electron  cyclotron  frequency 

n 

e 

Electrostatic  Ion  cyclotron  frequency 

„ k2T  /M  1/2 

T 2 + ) 

CO 

1.3x10  /sec 

s 

Second  harmonic  of  electron  cyclo- 
ron  frequency 

5.8  x 10^/sec 

^ump  frequency 

GO 

o 

5.  8 x 1 0*  *Vsec 

on-neutral  collision  frequency 

V.  =2T 
in  s 

1 . 2 x 1 oV sec 

Electron-neutral  collision  frequency 

v en~ 

5.  2 x 1 0 /sec 

. 2 1/2 

47rn  e 

1 . 95  x 1 0^/sec 

on  plasma  frequency  ( — — ) 

CO  . 

Pi 

. 2 1/2 
4;rn  e 

5.  3 x 1 01  *Vsec 

-lectron  plasma  frequency  ( m ) 

CO 

Pe 

Te  1/2 

q 

lebye  length  ( 2 ) 

XD 

1.94  x 10  cm 

4im  e 
o 

ladial  scale  length 

r 

. 4 8 cm 

Tave  number 

k 

3.  3/ cm 

8T.  1/2 

an  Larmor  radius  ) /f2. 

rLi 

. 4 8 cm 

8Tg  l/2 

_ p 

lectron  Larmor  radius  ( ) / D 

rT 

.57x10  “ cm 

7rzn  e 

Le 

3T.  1/2 

s 

an  thermal  speed  (— ^ ) 

vTi 

2.  1 x 1 0"  cm/  sec 

3T  l/2 

lectron  thermal  soeed  ( ) 

V- 

1 . 8 x 10^  cm/ sec 

m 

Te 

„ „ - 23 

in  mass 

M 

6.68x10  g ram 

lectron  mass 

m 

0.  9l  x 1 0 2 g ram 
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Note  that  includes  charge  transfer,  which  accounts  for  about 
half  of  the  total  collision  rate.  A cross-section  of  1.  3 x 10"14  cm^  i, 
used  in  the  calculations. 

5.  Evidence  of  Parametric  Excitation  of  Electrostatic  Ion  Cyclotron 
Wave 


Experimental  evidence  and  data  are  presented  here  to  show  that  the 
electrostatic  ion  cyclotron  waves  are  indeed  parametrically  excited  by 
the  microwave  pump.  It  is  found  that: 

a.  The  polarization  of  the  excited  low  frequency  wave  is  in  the  direc- 
tion perpendicular  to  the  dc  magnetic  field. 

b.  It  is  a standing. wave. 

c.  The  excited  low  frequency  wave  is  the  electrostatic  ion  cyclotron 
wave. 


d.  The  excited  waves  start  to  grow  only  when  the  microwave  pump 
reaches  threshold  power. 

e.  Its  growth  and  decay  rates  follow  the  theoretical  linear  dependence 
with  power  as  predicted  by  parametric  theories. 

a.  First  the  axially  movable  probe  is  calibrated  with  respect  to  the 
radially  movable  one.  Then  both  probes  are  used  to  measure  the 
field  strength  of  the  wave  at  the  same  point  but  in  two  different 
polarizations.  We  find  that  the  axial  field  is  much  smaller  than 
the  field  comDonent  in  the  direction  transverse  to  the  dc  magentic 
field. 


b. 


Using  the  radially  movable  probe  to  measure  the  amplitude  of  the 
transverse  field  as  a function  of  the  radial  position,  the  amplitude 
is  found  to  be  maximum  at  the  center  and  reduces  to  zero  just  out- 
side the  plasma  beam.  Hence  we  conclude  this  excited  mode  is  of 
standing  wave  type,  and  its  wave  number  may  be  calculated  from 
the  diameter  of  the  plasma  beam. 


c.  To  support  the  contention  that  the  excited  low  frequency  wave  is 
electrostatic  ion  cyclotron  wave,  we  note  that  the  observed  fre- 
quency is  almost  independent  of  the  plasma  density  and  dc  magnetic 
field;  therefore  the  possibility  of  exciting  lower  hybrid  wave  or  har- 
monics of  ion  cyclotron  wave  is  excluded.  We  also  note  that  the 
observed  electrostatic  ion  cyclotron  frequency  matches  the  one  de- 
termined by  the  linear  dispersion  relation  with  known  wavenumber, 
electron  temperature,  ion  mass  and  dc  magnetic  field.  Since  the 
linear  dispersion  relation  of  the  electrostatic  ion  cyclotron  wave  is 
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the  frequency  shift  due  to  the  change  of  electron  temperature  may 
be  expressed  as 

aTe 

1 

This  linear  relationship  has  been  shown  in  Figure  13. 

d.  Multiple  trace  photographs  shown  in  Figure  6 and  Figure  10  display 
both  decay  and  growth  phenomena  of  the  electrostatic  ion  cyclotron 
wave.  Decay  waves  have  finite  steady  state  amplitude  only  for  pump 
powers  above  a threshold. 

e.  Possibly  the  most  convincing  evidence  of  parametric  excitation  of  the 
electrostatic  ion  cyclotron  wave  lies  in  the  main  theme  of  this  effort, 
i.  e.  , the  growth  and  decay  rates  of  the  excited  ion  acoustic  waves 
are  linearly  related  to  pump  power  as  shown  in  Figures  8 and  9. 

6.  Simplified  Theoretical  Explanation 


The  linear  parametric  theory  derived  in  the  preceding  chapter  gives 
us  a consistent  prediction  of  threshold  power  and  initial  growth  rate. 

Since  it  does  not  include  the  saturation  effects,  it  fails  to  describe  the 
growth  or  decay  of  the  unstable  wave  from  one  saturated  amplitude  to 
another.  Nevertheless,  the  result  given  in  Eq.  (4.  l 9 ) leads  us  to  pro- 
pose a phenomenological  model  for  wave  growth  and  decay  in  the  presence 
of  saturation  effects  as  the  pump  power  is  near  threshold.  The  amplitude 
A of  the  electrostatic  ion  cyclotron  wave  may  be  governed  phenomeno- 
logically as 


A - c3  A 


n+1 


(5.  1) 


where  r.Q  is  the  square  of  the  electric  field  in  the  plasma  produced  by 

2 

the  pump  and  E is  the  square  of  the  threshold  field.  T is  the  linear 
c s 
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damping  rate  and  c^A  is  the  phenomenological  nonlinear  damping  rate 
and  n is  an  integer  of  unknown  value  which  may  be  determined  from  the 
experimental  data. 

The  exact  solution  of  (5.  1)  for  n > 0 is 


A(t)  = 


(5.  2) 


1 + --2-1  (enyt  - i ) 

y 


where  y = Tg  — ^ * 1 is  tl:ie  linear  growth  (or  decay)  rate  and  A = A(0) 


is  the  initial  amplitude  of  the  wave. 


As  t ■»  x 


rs^-1} 


An(x) 


>0  for  y > 0 


(5.  3) 


A (oo)  = 0 


for  y < 0 


(5.  4) 


Hence  the  value  of  n can  be  experimentally  determined  by  plotting  the  n 
power  of  the  steady  state  amplitude  of  the  electrostatic  ion  cyclotron  wave 
as  a function  of  pump  power  for  y > 0 as  shown  in  Figure  15.  With  n = 2, 
this  graph  becomes  linear,  and  is  in  agreement  with  the  prediction  of  (5.  3). 
Setting  n = 2 in  (5.  2)  and  (5.  3),  we  obtain 


A (t ) = 


A e^ 

o 

A2c 

1 +-^(e2^  - 1, 


(5.  5) 


1 


A (so)  = ( 


= 


for  y > 0 


(5.  6) 


respectively. 

Now  we  proceed  to  explain  the  experimental  results  shown  in  Fig- 
ures 8 and  9 by  using  (5.  1). 

Assuming  the  pump  power  is  switched  from  to  (or  P£  to  p ) 
as  in  the  case  shown  in  Figure  5b,  then  the  wave  decays  (or  grows )_from 
original  steady  state  amplitude  A(0)  to  another  steady  state  amplitude  £.(x). 

Rewriting  Eq.  (5.  1)  as 


E.2  - E2- 


rs(r2-^-c3A  A = 
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1 2 2 2 

rs(  - 2 --  ) + c3(A^-A^)  A (5.7) 


for  the  growth  case 


where  and  are  the  field  corresponding  to  P^  and  P£  respec- 
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tively,  and  A = is  the  steady  state  amplitude  of  electro- 


static ion  cyclotron  wave  at  P,  power  level,  and 


rs(^l'1)'c3A2  A= 
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- r ( — - — 5-^-  ) + c,(A^-A“)  A for 
s _<£  j o 


decay  case 


(5.  8) 
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ion  cyclotron  wave  at  P power  level. 

Then  Eqs.  (5.  7)  and  (5.  S)  show  that  the  initial  growth  rate  (or  de- 
cay rate)  is  linearly  prooortional  to  the  power  level  P„. 

I 


I 

I 


■I 


r — : 1 

1 I 

V- 6.  NONLINEAR  SATURATION  MECHANISM 
1.  Introduction 

We  have  so  far  considered  only  linear  parametric  theory  and  a phe- 
nomenological nonlinear  equation  which  describes  the  low  frequency  unstable 
wave.  Since  saturation  phenomenon  is  always  present  in  experiments,  an 
important  question  must  be  raised  in  order  to  describe  the  kind  of  nonlinear 
damping  mechanisms  which  cause  the  instabilities  to  saturate.  There  have 

been  earlier  attempts  to  describe  the  mechanism  as  due  to  induced  scatter - 
•>7  os  2°  30  31 

ing°  ’ , and  cascading  ’ ’ of  the  side  band  into  even  lower  frequency 

32 

waves  and  resonance  broadening  . Other  possible  mechanisms  include 
pump  depletion  and  quasi-linear  effects  (i.  e.  , heating).  There  is  no 
generalization  to  be  applied,  because  the  nonlinear  effects  may  vary  for 
different  experimental  systems.  As  an  example,  if  one  nonlinear  damping 
mechanism,  among  other  competing  phenomena,  becomes  dominant  and 
cause  to  saturate  before  the  pump  depletion,  then  we  must  rule  out  pump 
depletion  due  to  priority,  or  if  the  unstable  wave  is  coherent,  then  we  must 
reject  the  mechanism  due  to  the  cascading  of  the  sideband.  Therefore, 
the  dominance  among  different  mechanisms  depends  greatly  on  the  geome- 
try of  the  individual  system,  and  the  mode-types  involved.  Disregarding 
the  effect  of  inhomogeneity,  systems  may  be  classified  into  three  classes: 

(1)  Infinite  plasma 

When  the  dimensions  of  the  plasma  is  much  larger  than  the  wave- 
length of  the  instabilities,  boundary  conditions  need  not  be  considered. 

Therefore,  the  excited  modes  are  traveling  waves,  and  the  spectrum  may 
be  strongly  broaded.  In  such  a case,  the  saturation  of  instabilities  may  be 
due  to  the  pump  being  depleted  to  the  threshold  level.  Another  possibility 
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is  the  interaction  of  the  excited  large-amplitude  oscillations  among  them- 
selves, causing  a continuous  flow  of  energy  toward  the  large  wave  number 


region.  This  oscillation  energy  is  eventually  dissipated  into  heat  by  col- 
lisional  damping,  or  via  collective  effects.  The  threshold  level  of  the  in- 
stability is  thus  increased,  and  a nonlinear  saturated  state  may  eventually 
be  reached. 

(2)  Bounded  plasma  with  sheath 

If  the  spectra  of  the  excited  modes  are  sharply  defined  because  of  the 
confines  of  the  boundary,  the  potential  oscillations  of  the  low  frequency 
waves  may  carry  the  ion  bunch  into  the  sheath  region.  Therefore,  recom- 
bination of  ion  bunches  at  the  sheath  may  be  the  dominant  nonlinear  damping 
mechanism  in  this  case.  Since  the  recombination  rate  is  linearly  propor- 
tional to  the  density  of  the  ion  bunch,  this  nonlinear  damping  process  cor- 

24 

responds  to  the  n = l case. 

(3)  Bounded  plasma  without  sheath 

Excited  modes  are  of  the  standing  wave  type,  producing  a well  defined 
frequency  spectra.  From  supercritical  stability  theory,  anomalous  diffusion 
of  the  plasma  due  to  the  low  frequency  unstable  oscillations  may  be  one  of 
the  nonlinear  damping  mechanisms,  which  corresponds  to  n=2  case. 

Another  possible  mechanism  is  the  nonlinear  harmonic  (or  subharmonici 
generation,  with  second  harmonic  generation  corresponding  to  n=  2 case. 

2.  Theory 

In  this  section  the  description  of  the  nonlinear  damping  mechanisms 
for  case  (3),  bounded  plasma  without  sheath,  will  be  given.  The  experi- 
mental results  in  Chapter  V show  that  (a)  a density  decrease  in  the  central 
portion  of  the  plasma  column  coincides  with  an  increase  in  amplitude  of 
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the  instability.  When  pump  power  is  increased  over  a certain  level,  the 
ionization  rate  would  cover  the  enhanced  diffusion  rate,  causing  the  density 
to  increase,  (b)  Harmonics  of  the  instability  are  also  excited.  The  ampli- 
tude relative  to  that  of  the  fundamental  is  small  if  the  pump  level  is  low, 
but  increases  with  an  increase  in  pump  power. 

It  should  be  pointed  out  that  since  the  excited  mode  is  an  electrostatic 
ion  cyclotron  wave,  these  harmonics  are  still  in  the  resonance  region,  and 
they  have  the  same  linear  damping  rate  as  that  of  the  fundamental  mode. 
Neglecting  the  nonlinear  damping  of  the  harmonics,  the  nonlinear  damping 
rate  of  the  fundamental  instability  due  to  its  harmonic  generation  may  be 
defined  as  follows 
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(6.  2) 

where  the  left  hand  side  of  (6.  1)  is  the  effective  instability  energy  deple- 
tion rate,  and  the  right  hand  side  is  the  damping  rate  of  the  energy  of  the 
excited  harmonies  in  steady  state.  Aj  (i=l,  2,  3 ...  ) is  the  bandwidth  of 
each  spectrum.  Experimental  observations  indicate  that  such  an  infinite 
series  may  be  truncated  after  the  third  harmonic  when  pump  power  is  not 
too  strong. 

Knowing  that  the  nonlinear  damping  rate  in  steady  state  must  equal 

N 

to  the  initial  growth  rate.  T , can  be  calculated  from  (6.  2)  and  Figure  3, 

s 1 
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however,  this  value  is  much  smaller  than  the  initial  growth  rate  calculated 
from  (4.  17)  . We  may  conclude  that  there  must  exist  another  kind  of  non- 
linear damping  mechanism  which  dominates  in  the  saturation  process. 

It  is  well  established  that  diffusion  exists  in  a magnetically  confined 
beam  plasma,  and  usually  pure  coherent  longitudinal  modes  does  not  cause 
an  enhanced  plasma  loss  across  the  magnetic  field.  With  the  plasma  dimen- 
sion smaller  than  the  wavelength  of  the  oscillation  in  question,  magnetic 
field  causes  the  charged  particles  to  gyrate  and  move  towards  the  side 
boundary  to  produce  a field  which  causes  the  oscillating  mode  to  become 
elliptically  polarized.  This  induced  field  may  cause  an  enhanced  diffusion. 
While  ordinary  diffusion  of  electrons  and  ions  across  a magnetic  field  is 
caused  by  collisions  with  non- identical  particles,  it  has  been  observed  that 
certain  oscillations  seem  to  enable  the  plasma  to  acquire  an  enhanced  dif- 
fusion rate.  The  behavior  of  a low  temperature  plasma  is  then  largely 

33 

governed  by  the  diffusion  processes  involved,  but  the  anomalous  diffusion 

can  be  visualized  as  a consequence  of  additional  particle  collision  with  the 

electric  field  of  the  oscillating  instability.  This  can  also  be  regarded  as 

made  of  E x B drift  motion  of  the  particles,  and  most  readily  understood 

from  the  test  - particle  point  of  view.  Let's  write  the  equation  of  motion  for 

a single  ion  moving  in  a wave  field  with  the  presence  of  a uniform  magnetic 

field  B z as  follows: 
o 

dr 

~dl  = - 

(6.  3) 

d-  1 

M = e { E(r_  ( t),  t) +— _vx  Bq}  = eE  (r_(t) , t)+Mfi.  v (r_(t),  t)  x z 
and  the  solution  of  (6.  3)  may  be  expressed  as 
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v(r(t),t)  = R.(t)  . v(0)+-jSL  / dt'  R.  (t-t1).  E(r  (t  * ) , t 1 ) 

1 o 

I t 

r(t)  = r(0)  + — L.  (t).  v(0)+^-  / dt'  L.(t-t').  E (r(t'),t') 


(6.4) 


where 
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Thus  the  position  R (t)  of  the  guiding  center  is  obtained  as 


R(t)=r_(t)  -Tj-zxv(t) 
i 

t t 

= 5b-^-zx/dt,E.(r(t,)+z{v  (0)t+-^-  /dt"  E ( r.t"),  t")  } (6.5) 
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and  the  transverse  drift  velocity  of  the  guiding  center  is  given  by 
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= - p-  z xE  ( rjt),  t) 


(6.  6) 


where 


-x(t)  = Rxo'  fdt'  E(r(t'),t) 


(6.7) 


with  the  aid  of  Eq.  (6.  5),  V^(r(t),t)  may  be  expanded  with  respect  to  the 


center  position  R(t)  as 


V±(£.( t)»t)=  (R  (t),t)  + — zx  v(t)  . VV  (R(t).t)  + . . . 

i 
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(6.8) 


This  would  give  the  following  relation  immediately 


V (R(t),t)  = - zxE  (R(t),t)  (6.9) 

where  R_(  (t)  may  be  approximately  expressed  as 

t 

R (t)  = R - zx  /* dt ' E (R(t'),  t1)  (6.10) 

o o 

therefore,  in  the  Euler's  coordinate  system  we  have 


V (R.t) 

” x 


and 


-|-  zxE  (R, t) 
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(6.  11) 


V (R,t)  = -g-  E (R,  t)  (6.12) 

x - Bq  y - 

Due  to  the  spatially  dependent  force  field,  there  is  a force  difference 
between  two  different  points,  i.  e.  , finite  excursion  of  the  oscillating  ion 
brings  itself  into  regions  of  different  field  intensity.  The  explicit  expres- 
sion for  the  statement  above  is  given  by 
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(6.  13) 


where  5 R.  = R_?  - R^ 


now  let's  define  a force  due  to  the  force  difference 
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and  assume 

E (R, , t)  = A cosk.  R,  sin  ( u t + o ) 
y — 1 y — — 1 
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(6.  16) 


I 


where  k = kx  and  <t>  is  a random  phase  which  is  a constant  during  the 
period  of  two  successive  collisions. 

Substituting  (6.  15)  and  (6.  16)  in  eq.  (6.  14),  yields 


(2) 

therefore,  the  maximum  contribution  to  (Rj)  between  two  successive 

collisions  is 


(2)  c2  2 
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(6.  18) 


(6.  19) 


where  t is  the  collision  time. 

C (2) 

Because  of  the  spatial  dependence  of  (Rj),  it  will  give  an  additional 

damping  to  Vx(Rj,t)  . 

In  fluid  limit  , R^  is  not  the  initial  position  of  the  particle  trajectory,  it  is 
an  independent  variable.  Thus 

9R. 

-ar=o  (6.20, 


since 


(2) 


-£-V 


at 


[!R1,t)+Vjt(R1.t).  V^IR ! , t)+vx  (Rj)]=-g- 


tl 


This  may  be  written  as 
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Hence  at  center,  where  Rj  = 0 and 


V „ = v.  + — — 5 k2  A2  / u. 
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Assuming  A = % A,  where  A is  the  amplitude  of  E and  0 <_%<_  1 , 
y x 


,N 


the  nonlinear  damping  rate  T of  the  electrostatic  ion  cyclotron  wave  due 

S b 


to  the  anomalous  diffusion  becomes 


rN  = 

s2  4B2 
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k4  A<i/2T 


(6.  25) 


3.  Comparison  between  Theory  and  Experimental  Results 

As  mentioned  in  Chapter  V,  the  nonlinear  damping  rate  at  steady  state 


must  equal  the  initial  growth  rate.  From  Figure  9 the  initial  growth  rate 
,5 


y - 1.  5x10  /sec  for  = 173  watts  is  obtained.  The  amplitude  of  the 
potential  oscillation  for  Pj  = 173  watts-can  be  found  in  Figure  4.  Since  the 
amplitude  of  the  potential  oscillation  is  the  integration  of  the  amplitude  of 
the  field  oscillation,  then  A =1.05xk=3.  5 volts /cm  is  found. 
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First  let's  calculate  the  nonlinear  damping  rate  due  to  the  harmonic 


generation.  From  Figure  3 and  Eq.  (6.  2),  we  find 
= . 32xl05  /sec 

S 1 


(6.  26) 


with  the  aid  of  Table  2 and  Eq.  (6.  25),  we  have 


V-7. 


CONCLUSIONS 


The  physical  origin  of  mode  coupling  mechanism  in  an  infinite  plasma 
is  described  as  electrostrictive  effect.  Based  on  this  physical  viewpoint, 
a general  approach  to  analyze  the  parametric  decay  processes  of  plasma 
waves  is  presented.  A set  of  coupled  mode  equations  is  derived  by  using 
Hamiltonian  approach,  and  the  coupling  coefficients  are  derived  from  the 
collisionless  Boltzman- Vlasov  equation.  The  threshold  for  parametric 
amplification  of  an  electrostatic  ion  cyclotron  mode  (longitudinal  wave) 
and  a harmonic  of  electron  cyclotron  mode  (hybrid  wave)  in  the  presence  of 

external  radiation  of  an  appropriate  frequency  has  been  found. 

34 

An  experiment  is  performed  in  a microwave  sustained  plasma.  The 
properties  of  the  process  are  in  qualitative  agreement  with  the  theory. 
Saturation  of  the  instability  is  also  observed  in  the  experiment,  and  the 
nonlinear  mechanisms  are  found  to  be  anomalous  diffusion  and  harmonic 
generation,  again,  in  agreement  with  the  theoretical  results. 


V-  8.  APPENDICES 


APPENDIX  A:  NORMALIZATION  OF  THE  ACOUSTIC  MODES 

The  first  step  in  the  quantization  procedure  is  to  write  down  the 
Hamiltonian  density.  Let's  define  a lattice  for  a homogenous  medium  of 
mass  density  p = nQM  , where  nQ  and  M are  respectively  the  ion  density 
and  mass,  then  attach  a dressed  vibrating  ion  to  each  lattice  point.  Let  the 

deviation  of  the  mth  ion's  position  from  its  equilibrium  position  x be 
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given  by  q , we  are  led  tc  write  for  the  acoustic  modes 


Where  for  the  m=n  term,  q , ^ = q ^ because  of  the  periodic  boundary 

n°T  1 i 

conditions  and  P = Mq  , x = m(  — ) and  CT  is  the  force  constant, 
m m m n L 

o 

The  first  term  in  the  brackets  corresponds  to  the  kinetic  energy  of  the 
oscillating  ions,  the  second  to  the  potential  energy  associated  with  the 


Hooke's  law  force.  We  shall  now  proceed  to  rewrite  H so  that  it  has  the 

same  form  as  the  Hamiltonian  for  the  linear  harmonic  oscillator.  Let  us 

express  the  coordinates  a and  momenta  P in  terms  of  the  traveling 
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wave  normal  mode  expansion 
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If  and  a^  are  now  defined  in  terms  of  the  new  variables  Q and  K 

as  follows: 
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then  above  Hamiltonian  reduces  to  the  harmonic  oscillator  form 


= is[k£LWq«‘]  . 
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(A.  9) 


With  the  Hamiltonian  in  the  form  above  we  proceed  to  quantize  the  acoustic 

(k)  (k) 

vibrations  by  postulating  that  the  Q , K are  operators  that  satisfy  the 
poisson  bracket  relations  { Q^\  ^ } = 6^i  • 

Now  let  us  normalize  the  field  produced  by  the  acoustic  vibrations 
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Where  is  the  resonant  frequency  of  the  medium  without  pump  field. 

If  the  pump  field  presents  in  the  medium  and  near  threshold  level  or  above, 

the  resonant  frequency  will  shift  to  undamped  frequency  , in  this  case 

we  can  keep  the  unperturbed  Hamiltonian  Hq  as  before,  but  change  to 

u,  for  the  relation  between  6E^  and  . 

k 


5E 


H 


(k) 


(k)  1 


(k)^  2 

Q<k> 

M + 1V1  k w 


M 1 2 n(k) 

e fn  k 
'J  o 


(A.  13) 


(A.  14) 


304 


A 


It  is  easy  to  be  generalized  to  three  - dimensional  case 
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We  can  also  generalize  above  procedure  to  an  anisotropic  case,  for 

example,  if  there  is  a uniform  magnetic  field  3 in  the  z direction 
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where  we  have  { Q *'k/  , = 6,  , , 5 „ and  £2  = 


APPENDIX  B:  NORMALIZATION  OF  THE  OPTICAL  xMODES 


Because  of  the  big  difference  between  the  masses  of  electron  and  ion, 
ion  cannot  follow  the  high  frequency  electron  oscillation,  hence  we  can  con- 
sider this  kind  oscillations  are  optical  modes  in  which  electrons  and  ions 

vibrate  against  one  another.  Let's  expand  the  displacements  of  the  individ- 

k -L 

ual  electrons  in  terms  of  the  normal  coordinates  U and  A,  , A ' 

k k 
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In  terms  of  these  normal  coordinates  we  may  write  the  total  energy  at  any 
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where  we  have  A^  = - i ^ A^  , A^  = i Q'^A^ 


Z Z u'  ' e 


ik.x.  -ik.^ 


Sn~  i=l  k 

» o 


k i=l  2n  mfl1 
o k 


(Ake  + Ak  e 


O , 1K.V  - IK.  y . 

-TV  l i i2i A ~ -x-'--n 

” L L Un  mQ'  ’ ) 

k i=l  “om  k k K 


(B.  4) 


0 1 ? x ik.  Y. 

S & ‘*v=rk>  + 4 • " ^ 


/ 


=•  u>k>  - < lk^>2 > 

(k)  *(k)  . ,mnk,2,,  A+  . 

JC  = m U = - 1 ( — — ) (Ak  - Ak  ) 


A,  A+  = -rpr~  (ft4u(k)  - i — — U(k!^  (k)  + i — ^(k)LT<k>  + — 
rc  k ■ i k m m 


(B.  5) 


(B.  6) 


O Ql  pi 

A+  A -_SL_  (O.  2 tr(k)‘-  . lk_r(kV(k)  • k (k)  (k) , 

W~2Q\  (r‘k  L + 1 m L * ’X  m •*  u T 2 5 


H 4 Z i — + m ft'2  U(k) 


2 U‘ 


(B.7) 


Now  that  we  have  obtained  the  Hamiltonian  classically  we  may  move  directly 
to  canonical  operator  form.  Then*#"^  and  U k*  become  canonical  variables 
satisfy  the  Poissan  bracket  relation 

{ U(k)  ,JC(W)  ) = 5kk, 

The  final  stage  is  to  normalize  the  field  produced  by  the  optical  vibrations 
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For  the  same  reason,  if  pump  field  is  present  and  near  or  above  the  thresh- 


old level 
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